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Abstract 

We present the full calculation of the divergent one-loop contri- 
bution to the effective boson Lagrangian for supergravity, including 
the Yang-Mills sector and the helicity-odd operators that arise from 
integration over fermion fields. The only restriction is on the Yang- 
Mills kinetic energy normalization function, which is taken diagonal 
in gauge indices, as in models obtained from superstrings. 
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1. Introduction 



Understanding the structure of the divergences in supergravity is a nec- 
essary step in determining the counterterms |IJ, 0> that are needed to 
fully restore modular invariance in an effective supergravity theory from su- 
perstrings. The determination of these loop corrections may also provide a 
guide to the construction of an effective theory for a composite chiral multi- 
plet that is a bound state of strongly coupled Yang-Mills superfields, which 
in turn could shed light on gaugino condensation as a mechanism for super- 
symmetry breaking. 

In a recent paper |3J] (hereafter referred to as I), we gave the divergent 
contributions to the bosonic Lagrangian in a general supergravity theory 
coupled to chiral matter, in a general bosonic background, averaged over 
quantum fermion helicities. That work extended and completed the results 
of several earlier calculations 0-0. In particular, using specific choices of 
the gauge fixing and of the expansion of the action, we were able to cast the 
results in an especially simple form in which most of the one-loop correc- 
tions can be interpreted in terms of renormalizations. In the present paper 
we extend these results to incorporate the Yang-Mills sector ||, including 
helicity-odd operators that arise from integration over quantum fermions. 
Our results are completely general, except that we assume that the tree-level 
gauge kinetic energy normalization function f(z) JlO|, where z represents the 
complex scalar fields of the theory, is proportional to the unit matrix. This 
is the case for all known theories derived from superstrings, up to possible 
multiplicative constants for different factor gauge groups that correspond to 



higher affine levels [ll|. This modification is easily incorporated into our 
formalism, as explained in Section 5. 

The generalization of the results of I to the more general case considered 
here can be summarized as follows. We define an operator of dimension d as 
a Kahler invariant operator whose term of lowest dimension is d, where scalar 
and Yang-Mills fields are assigned the canonical dimension of unity. Then, 
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among the ultra-violet divergent terms generated at one loop, all operators of 
dimension 6 or less (as well as many operators of dimension 8) that involve 
neither the Kahler curvature nor derivatives of the gauge kinetic function 
can be absorbed by field redefinitions, interpreted as renormalizations of the 
Kahler potential, or take the form F a b(z,z) (w a W b> ) + h.c, where W a is 
a chiral Yang-Mills supermultiplet, the subscript denotes the F-component, 
and the matrix- valued function F a b(z,z) is not in general holomorphic. The 
remaining terms of dimension 8 and higher must be interpreted as arising 
from higher order spinorial derivatives of superfield operators. 

As noted in I, the effective cut-off for effective theories derived from super- 



strings is field dependent ||, fl2fl , [jy| ; moreover the field dependence is dif- 



ferent for loop corrections arising from different sectors of the theory ||, JL3 
As in I we use here a single cut-off and neglect its derivatives; terms involving 
derivatives of the cut-off have a different dependence on the moduli and must 
be considered together with terms that are one-loop finite. Our results, some 
of which are collected in the appendix, are presented in such a way that the 
contributions from different sectors can be isolated and the corresponding 
Pauli-Villars contributions can easily be evaluated. 

In Section 2 we discuss gauge fixing and the definition of the action expan- 
sion and in Section 3 we evaluate the helicity-odd fermion loop contributions. 
Our result for the one-loop corrected effective action is given in Section 4, 
and applied to generic models from string theory in Section 5. We summarize 
our results and discuss applications in Section 6. 

In I we included appendices that define our conventions and list the oper- 
ators that appear in the quantum action as defined by our gauge fixing and 
expansion prescriptions, as well as the traces of products of these operators 
that determine the divergent terms in the effective one loop action. Appendix 
C of this paper extends that compilation to include operators involving the 
Yang-Mills background field and new operators arising from integration over 
Yang-Mills quantum fields. Additional conventions and techniques used in 
the evaluation of helicity-odd fermion traces are included in Appendix A. 
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In Appendix B we specify our Yang-Mills sign conventions and list relations 
among the covariant scalar derivatives of the Kahler potential K, the super- 
potential W and the gauge field normalization function / that follow from 
gauge invariance of these functions and that are useful in evaluating traces. 
Corrections to I are included in footnotes to the text. 

2. Gauge Fixing and the Expansion of the 
Action 

Our gauge fixing procedure is described in I. Here we generalize the for- 
malism of I to the case x ^ constant, where x = Kef(z) is the inverse 
squared gauge coupling. In the general supergravity Lagrangian 

E3, the 



function f a b(z), where a, b are gauge indices, that determines the inverse 
squared gauge coupling constant, is matrix- valued. Throughout this paper 
we set 

fab(z) = 6 ab f(z) = S ab (x + iy) . 

The Yang-Mills gauge fixing prescription is modified when x ^ constant, 
and, since we are now including background as well as quantum Yang-Mills 
fields, gauge-graviton ghost mixing must be included. We discuss only gauge 
fixing of the bosonic sector in this section. The fermion sector gauge fixing 
is unchanged 1 from that defined in I, and is summarized in Appendix C.2. 
Our gauge sign conventions are those of ]10| and are defined in Appendix B. 
The gauge-fixed Lagrangian is defined byQ 

£ - > £+£gfi £gf — —-^-CaZ ab Cb, Z — ( „ ... | , C — ' 



-g^ 1 \C, 



1-1 . 



1 There are some sign errors in the fermionic part of the Lagrangian and gauge fixing 
terms given in I that are corrected in Appendix C of this paper; they do not affect the 
results of I. 

2 There is a factor 2 missing in the last term in (2.6) of I. 
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* \/x L 



V2C, = (V V - l -V,K - 2V,z I Z IJ z J + 2^ u A^j , (2.1) 

where hatted variables refer to quantum fields and unhatted ones refer to 
background fields, h^ u is the quantum part of the space-time metric whose 
classical part is g^, and K im is the Kahler metric, which here is a func- 
tion of the background fields. Following || we have introduced canonically 
normalized Yang-Mills fields: 

A„ = yfxA^ A^ = Vx~A„, J> = y/xFfv,, Vx~V„A u = V'^, (2.2) 

and we have adopted the shorthand notation 

T)i - T) - ^— V" - V 4- ^— (2 $) 

where T>^ is the gauge and general coordinate invariant derivative. Under a 
gauge transformation with parameter {3 = T a (3 a and fixed background fields 
we have, neglecting terms of order z, A: 

62* = -i{(3z)\ 5z m = +i(/3z) m , 5A^ = \[xV$ a . (2.4) 

If we implement the gauge fixing condition in the usual way, the ghost deter- 
minant contains a factor Det^x that translates into a quartically divergent 
term proportional to Trlnx in the effective action. Note however that we 
have rescaled the quantum Yang-Mills fields || [see (2.2) above] and the 
quantum gaugino fields || (see Appendix C.2 below) in order to canoni- 
cally normalize their kinetic energy. If we rescale the gauge parameter in the 
same way as the Yang-Mills supermultiplet, and take, instead of /3, the gauge 
parameter 

we get 

<a /t = p; 7 , = -^=(7*)', as* = +-U7*)*, (2.5) 



X \f X 
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and no Trlnx term is generated in the ghost determinant. We therefore 
adopt the prescription (2.5). 

Under a general coordinate transformation x — > x' = x + e, we have 

5z l = <Pdpz\ 5A V = Jx~ [fV c A v + A c V v e°) , 

which is general coordinate, but not gauge, covariant. To obtain a manifestly 
gauge covariant result, we add a compensating gauge transformation with 
parameter r y a (e fl ) = —e^A®, giving 



6? = e"2V\ 5A V = t a T uv . 



(2.6) 



Then, relabelling the gauge parameter as e a = j a , the ghost determinant 
M is obtained in the usual way as 



Mi 



_d_ 



SC B , 



where the variation 5C is determined from 



(2.7) 



6? 



(T b z) i e b + e^V^, 5z m = — (T b z)™e b + 

Ob \f X 



5A^ = + e^, 5h^ = V,e M + V M e„. 
This gives a contribution to the gauge-fixed Lagrangian: 

g-*C gh = c B M^ A = cZ(b 2 + H gh )c 



(v;v'n a b + qW b ] c a - c u V2 [v"^ + <g {vy) 

V V - r> - 2 (V.z 1 ) Z u (V v z j ) + 2J*f w 



(2.8) 



c a V2 [(V.z 1 ) q aI - T aiiU V w \ <?, eg = c a , < = -V2c», 



Qi = 



(T a zrK m , q\ = -- =(T a z)\ 
V x y x 



(2.9) 



The rescaling of the graviton ghost in order to canonically normalize the 
ghost kinetic energy yields a factor Det~^2 in the functional integration that 
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cancels a factor Det 2 2 from the gravitino auxiliary field |J , [ffl . The matrix 
elements of f/^ and of the covariant derivative D are given in (2.11), (C.29) 
and (C.30). 

Finally, as discussed in I, we modify the graviton propagator by adding 
terms that are proportional to La = dC/d(f> A , where (fi A is any field. This 
modification, which is equivalent to a nonlinear redefinition of the quantum 
variables, does not change the S-matrix and can lead to simplifications as well 
as enhancing manifest covariance under the symmetries of the theory Jl4j] . 
We define the graviton propagator byf] (2.20) and (2.21) of I, and by 

^■pu,ap = £'lLV,ap ~^9pvL ap ~t~ ~^9pp£-av + ~^9upL a p = £pu,ap + pv ,po & a i 

d 2 a a 9 

£pv,ap = Qmi'<}vv'Qpp' i ,QA a ^' = 9 P £-ap = £• (2-10) 

It should be emphasized that the propagator modifications that we use have 
been chosen purely for convenience; they considerably simplify the matrix 
elements that are listed in Appendix C.I, and are not necessarily derivable 
from a generalized metric |14|. A natural choice^ for this metric would be 
Gab = \fg {Z®) A Bi where A, B run over all bose degrees of freedom and 
the metric Z§ is defined in (2.11) below. Then defining A^ = Cab — 
Tab^c, where Tab * s the Christoffel connection derived from the metric Gab, 
the propagator corrections would be precisely half the ones used here (with 
additional corrections to scalar propagator AjJ and the vector propagator 
A~p ba proportional to £^ iPcr ). It is possible that the use of this generalized 
metric would reduce the need for field redefinitions as described in Section 
4 [see (4.11-13)], but its use would make the intermediate calculations more 
cumbersome. 



3 (2.21) of I should read: A^ pa -> A^ pa - 2P^ pa L\ - \ [g^C pa + g pa C^ v ] + 

2 \g pp^vo ~t~ gvp^pa ~t~ gpo^vp ~t~ gua^pp] • 

4 This choice for G^ v p(T coincides with that of Fradkin and Tseytlin [Q for the case 
of supergravity with their parameter t — 1, which corresponds to A = —1/2 in their pure 
gravity case. 
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Once the above prescriptions have been implemented, the quadratic quan- 
tum Lagrangian for the bosonic sector takes the general form: 

1 



•^bose £ 



gh 



2 
1 

+ 2 C 



Z*(D 2 + Ml) + {D (1 ,X£} 
Z gh (v 2 + M 2 gh )+{V fl ,X^ h } 



c, 



where $ = (h^u, A a , z l , z m ), is co variant under scalar field redefinitions 
as well as gauge and general coordinate transformations, and the X M connect 
fields of different spin; in addition, there is a vector-vector connection || 
in X$. Following the procedure described in ||, we introduce off-diagonal 
connections in both the bosonic and ghost sectors, as well as an additional 
connection for the gauge fields, so as to cast the quantum Lagrangian for the 
full gauge-fixed bosonic sector in the form 



•^bose 



gh 



-cZ gh yiJ iih 



P'ap,ba 



-5 nh e 



ab^ppav ' 



2x ' 



H. 



gh 



jjgh 



M/ au,a/3 



yf~t a/3p9au -F iup.Qfiv) 



P-H.av 



V„ + B 



lit 



ap,v I ; 



(2-11) 



This introduces corresponding shifts in the background field-dependent "squared 
mass" matrices: 



Ml 



Ha 



Ml - V„V», M 2 h 



H, 



gh 



M 2 gh - S M S". 



(2.12) 



The elements of M| were evaluated in ||; here they are somewhat modi- 
fied by the different Yang-Mills gauge fixing and action expansion. These 
modified matrix elements are listed in Appendix C.I below. 

As explained in Section 3 and Appendix A, we evaluate the fermion de- 
terminant by first writing it in two-component notation, separating it into 
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helicity-even and -odd contributions, and then recasting these two contribu- 
tions in Lorentz covariant four-component notation. As discussed in [L3[|, this 



separation is not uniquely defined. The choice that respects super symmetry 
as well as manifest gauge and Kahler covariance allows a consistent Pauli- 
Villars regulation. We follow that choice here; the corresponding matrix 
elements are given in the Appendix. The contribution from fermion loops 
to the effective action is evaluated (see Appendix A) by introducing || the 
8x8 matrices 

M° d-j- Me =U «)• p=iD " (2 - 13) 

that operate on an eight component fermion f T = (/^, = /£). The 
helicity averaged contribution of the fermion determinant is then 

- ^Tr InH P + M e )+ = -*-Tr In (ft 2 + M§ - i[P, M e ]) , (2.14) 

Because the fermion mass matrix and connection contain the terms a^M^ 
and respectively, they do not commute with 7 M ; thus 

[PiMe] = ±{^,D»Me} + l{D»,[^,Me}} + ±[M e ,[D»,^}}, 
D^M e = [_D M , Me] . " (2.15) 

Therefore, in analogy with the boson case discussed above, we write 

- -^TrlnH P + M e )+ = -^Tr In (p% + H e ) , (2.16) 



He = M 2 e - -{r,D,M e } + - [r,M }[^,M e ] - -[M e ,[D^^}} + -[Y,Y}G, U 

[D„ 71 Y [D p , 7 „] - \ [A,, Y [D„ Y}) + 1 -{{Y, M e ] , Y [A,, 7,]}, 
D® = D„ - ~ [ 7 „, M e ] + \Y [D v , 7/i ] . (2.17) 
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3. Helicity-Odd Fermion Loop Contributions 



In this section we determine the helicity-odd operators that arise from in- 
tegration over fermionic degrees of freedom. They are particularly relevant to 
the evaluation of anomalies ||, 0, in effective supergravity theories, which is 
currently of special interest in attempts to extract physics from string theory. 
We show that these terms are finite, except in the presence of a Yang-Mills 
sector with a nontrivial kinetic normalization function f(z), in which case 
there are logarithmically divergent contributions that are invariant under chi- 
ral U(1)r transformations, i.e., under Kahler (or modular) transformations 
up to a possible dependence of the cut-off on the Kahler potential. We also 
indicate how the finite contributions to the effective action can be obtained. 

A. General formalism 

The fermion loop contribution is given by 

C 1 = - l - r Ti\n{-ip + M e ) = - l - r Ti\nM. (3.1) 

To evaluate the determinant (3.1), we write 

T = Tr In = T + + T_ , T± = - [Tr lnA^( 75 ) ± Tr In M{-^ 5 )] . (3.2) 

Only T + has been calculated previously for supergravity Here we will 

evaluate the additional contribution, T_: 

T_ = -hfr\nM{- lb )M-\K) = -^Trln{l - M^M^s) - M(-j 5 )}} 
1 00 1 

= ^Tr £ -{M^MM ~ M(- l5 )\y. (3.3) 

Using the techniques described in jn|, |Q, we can write the trace in (3.3) as 
(see Appendix A) 

T- = J d*xT(x), T(x) = J ^Tfo*), (3.4) 



9 



and then expand T(p, x) as 



T(p,:r) = Tr£--Q>7^ 5 } 
n=l zn e=o 



(3.5) 



where 71,71$ are defined in (A. 19-20): 



1 



- [p 2 - T^A M A„ + h + X + {f + G") P, V M»] , 



71 



7Z 5 



1 r 



-[(p» + G»)P»„N» 



(3.6) 



— p" 



The operators appearing in (3.5) are defined in Appendix A as power series 
of the form E„c n (0)(D • d/dp) n O, where £>„ = D+R + D~L is the fully 
covariant derivative defined in (A. 8) of the Appendix, and the operator O is 
a function of the background bosons. The coefficients c n (0) are constants 
with, in particular, cq(G) = in the expansion of G^; more specifically 



Thus we have to evaluate the following contribution to the effective one-loop 
Lagrangian: 



where now the trace is over only Dirac indices and internal quantum numbers 
(and Lorentz indices for the gravitino). 

To keep the integrals finite, the integration should be performed includ- 
ing Pauli-Villars regulator masses fio'- —p~ 2 — > (— p 2 + f^o)^ 1 in the derivative 
expansion. However, as shown below, T_, when suitably defined, contains 
no quadratically divergent terms. Once the integrals are properly regulated- 
including the appropriate definitions of T±-the coefficients of log divergent 
terms are independent of the regularization scheme. On the other hand, 
if one wishes to evaluate finite terms, one has either to expand around an 




(3.7) 




(3.8) 
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infrared regulator mass /io or, alternatively, to resum the derivative expan- 
ds |[18|| . In particular, the ultra-violet finite terms include the standard 



sion 



chiral anomaly. We explicitly evaluated this term for the vector-vector-axial 
vertex induced by Dirac fermions with a common mass fio, and recovered 
the large mass limit of the Adler- Rosenberg formula the complete ex- 
pression for this formula requires a resummation of the derivative expansion 



which will be presented elsewhere [18 . We emphasize that, because of the 



anomaly, Kahler invariance is broken at the quantum level. Classically, this 
invariance permits a choice [[!(]] of Kahler gauge such that the classical La- 
grangian is derivable from only two functions of the scalar fields, the (in 
general matrix- valued) gauge normalization function f a b{z) and the general- 
ized Kahler potential Q(z, z) = K(z,z) + In \W(z)\ 2 , where K and W are the 
Kahler potential and the superpotential, respectively. For the purpose of cal- 
culating the anomaly @, ||, one has to undo the Kahler rotation of Cremmer 
et al. [10], by performing a phase transformation [20] on the fermion fields. 
As in I we work throughout in this Kahler covariant formalism. 

As was discussed in [fL3] , the separation (3.2) of T into helicity-odd and 
-even parts is not uniquely defined because we can interchange terms that 
are even and odd in 75 using 75 = {i/'2.A)e^ upCT ^^y v ^p^ ( j and similar identities. 
In most cases the correct choice is dictated by gauge or Kahler covariance. 
The remaining ambiguities are resolved by supersymmetry. A fully SUSY- 
invariant result for the quadratically divergent terms requires the introduc- 



tion of Pauli-Villars regulator fields ||, |16 |; there is a unique definition of 
the matrix elements that allows a supersymmetric Pauli-Villars regulariza- 
tion [13]. Specifically, this fixes the forms of the fermion mass matrix and 
connection matrix: 

Dp = Vp + iY^ - ^L^ lxlulpl(J , (3.9) 
where T^, L^, m, and a, j3 are proportional to the unit matrix in Dirac space. 
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"D M , which contains the spin connection, is the gauge and general coordinate 
covariant derivative, is the Kahler connection, is the Yang-Mills field 
strength, and L M is an additional axial connection for gauginos arising from 
the noncanonical form of the kinetic energy term. T± are defined by (3.2) 
using the explicit 75-dependence in (3.9). Then the operators appearing in 
the derivative expansion of (3.6) take the form: 

G% + i l5 L% - [Lip, L„], G% = [/3± Dtl 
2>f ± iT M + 1% L% = D±L V -D±L M , D±L U = [D±,L V ], 

\ ~ D~) = \ (V; - Vr) - r„ Ml = \ (M - M) , 
m + M a = m + M^a^ , M = m + M a = m + M^a^ ', 
«F F - if3F^ u , M M „ = «F p + 0F^, (3.10) 

where is the Kahler connection and r' is an off-diagonal A-^ connection. 
We consider only the case where the gauge field normalization function f(z) 
is diagonal in gauge indices; then, since is diagonal, commutes with 
J v , and we have 

= L^ u = L M „ = L^ v + [r^, L v ] — [T' u , L^], 
V = V^-V.L^, [L fl ,L u ]=0. (3.11) 

Note that the spin connection in [see eq. (A. 12) of I] drops out of the 
covariant derivatives D^M. This is because we have taken the vierbein, and 
therefore 7^, to be covariantly constant |?T): [Z?^, 7^] = 0. The spin connec- 
tion is even in 75 and therefore contributes to D^M through the commutator 
which vanishes [see the definitions (3.27) below]. 

To identify the ultraviolet divergences, we have to study the large p be- 
havior of the integrand in (3.8) and keep terms up to 0(p~ 4 ). A priori 
72., 72-5 ~ p^ 1 , so the ultraviolet divergent part of (3.7) can occur only in 
terms with n < 4, I < 4 — n. Aside from terms involving L M , by construc- 
tion, the integrand is odd in 75, and we need at least four 7^'s to get a 



D 



1-1 

J, 
M 



M, 
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nonvanishing trace: 

T oc Tr (^Wt'WtV) = -U^TrA^, (3.12) 

so Tr7£ 5 = 0. Finally, we note that G^ in (3.7) vanishes except when sand- 
wiched between functions of p, and is of order p' 1 in power counting. Once 
all ^-differentiations have been performed, surviving terms must have at least 
three 7^'s that are not contracted with p^ because of antisymmetry. After 
integration over p, the tensor A^ upa in (3.12) can be constructed only from 
the four- vectors and L M , the tensors M pu , G^ u , the Riemann tensor, and 
their covariant derivatives D^. Each factor of G^ u and of D p reduces the 
apparent divergence of a given term by one power of p. Furthermore, in the 
covariant derivative expansions (A. 19-20) of the operators O appearing in 
(3.5) the indices ^ ■ ■ • /i n in D^. ■ ■ ■ D Pn O are automatically symmetrized, so 
at most one derivative of each operator can contribute to A pupa in (3.12). 

B. Quadratically divergent contributions 

By construction, T_ is antisymmetric under 75 — * —75. Therefore we can 
evaluate, instead of (3.5) 

T- - i[r_(7fe)-r_(-75)], (3.13) 

where T_(— 75) is obtained from T_(7 5 ) by the substitutions 

(£>+, D~, M, M. J, Mj) -> (D . I) . M. M, -J, -Mj). 

The matrices n,1l 5 are defined in (A.19-20). Since / d A pTiTZ^ = 0, the 
potentially quadratically divergent contribution to TL is 

Tr [n\ - nn 5 ) - ^Tr [(p^N, - jfMj p»N v ] , (3.14) 

with N v , M v given in (A. 15). Under Lorentz invariant integration, with M = 
m + <7 MI/ M M ", we have 

J d A p i>M ^M'(l±7 5 ) oc J d 4 pp 2 lfl MYM'(l± l5 ) = Aj d 4 pm ^M'(l± 75 ). 
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It follows that there are no quadratically divergent contribution involving 
the mass matrix. The averaging procedure (3.13) eliminates a residual spu- 
rious quadratic divergence proportional to TyJ^J^. This divergence would 
vanish identically if a Pauli-Villars regularization were used with P-V masses 
that leave all classical symmetries unbroken. However this is not in general 
possible for the classical Kahler symmetry.^ Moreover, in the Pauli-Villars 
regularization described in |Tj|, there are no P-V fields that can regulate 
quadratic divergences proportional to M^ V M^ V , so the integrals, which are 
ill-defined unless they are explicitly regulated, must be defined in such a 
way that these divergences do not appear. Note that no quadratically di- 
vergent contribution to T_ arises if (3.3), as defined by (A. 6), is expanded 
without performing the the transformation (A. 16) that makes use of partial 
integration, which is ill-defined if the integrals are not finite. However this 
transformation renders many terms explicitly covariant and thereby consid- 
erably simplifies the derivative expansion. 



C. Logarithmically divergent contributions 

In the remainder of this section, T_ is understood as the average (3.13). Since 
we encounter only logarithmic divergences, after symmetric integration we 
may make the replacements: 

4 

p^PuPpPaf(p 2 ) -> —(g^gpv + 9^9ua + g^gvp) f{p 2 )- (3.15) 

To evaluate the terms with p-derivatives, we write 



-p z Op v —p z —p z Op v p 

1 -y - ^G^—rf^—^G^, (3.16) 



dp v —p 2 —p 2 dp v —p 2 —p 



5 A detailed discussion of Pauli-Villars regularization of T_ will be given elsewhere [18 
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where the first line is obtained by partial integration over p, and it is under- 
stood that operators multiplying the first (second) line on the left (right) are 
independent of p. Similarly 

7T^ -IP" l(3V + 0" + 5 , 'y-VA 

op p op v —p p \ V ) 

d 2 1 1/2 \ 

PP P p a r ppau -> — 2 r ^ - — p»p v i>r pv + 2r^ 7 ^ , 



Op^OPv —p z —p A \ p A 

where the last line is obtained by partial integration. 

It is easy to see that the nonvanishing terms in T_ involve the connection 
L p and/or the off-diagonal mass M pv . In the absence of these contributions, 
since e^ vp(T r pupT = 0, the only helicity-odd terms are: 

e^Tr[(D;j u )JM, e^Tr[G^J p J a ], e^Tr^D^}, (3.18) 

where 

di = \ (d; + d-) = d, + j-;, g«p = \[g; u - (+)(?-]. 

The first term in (3.18) can be written 



1 UV parry 

3 



1 



Dl{J v J p J c ) = -e^d p (Tr[J I/ J p J a ]) } 



3 

where we used cyclic permutations in the trace together with the relation 

Tr[D*(JJJ)] = Tr{d p (JJJ) + i[J'^ J J J}} = d p Tr(JJJ). (3.19) 

Note that if a field-dependent ultraviolet regulator mass A is present one can- 
not drop the total derivative on the right hand side of (3.19), but integrating 
by parts gives d In A = <9A/A which is finite for A — > oo. For the second term 
in (3.18), defining = d p + F^, we have 

g% = d»r± - d„rj + [r± r±] = - d u t± - [rj, r±]. (3.20) 
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By the above argument the DT terms give finite contributions, so we are left 
with 

e^ CT Tr[(r+r+ - r-r~)(r; - r;)(r+ - r;)] = o, 

again using cyclic permutations of the trace. Since e pvpa D^[Dl, D p ] vanishes 
by virtue of the Bianchi identity, the third term in (3.18) reduces (up to a 
total derivative) to the same form as the first term: G v — > [J, J\. 

First consider the terms quartic in 71,71$. To obtain the logarithmically 
divergent piece, we drop all p-derivatives: 

K - -^P^M", 7Z 5 - -^P„N». (3.21) 

We note that F^F^F^ p and F pv F* p F^ p vanish if any two of the indices a, b, c 
are equal; there are therefore no terms cubic in M a . Then using ^^M^ = 
Am, together with Eqs. (A. 23) and (B. 12-13) and cyclic permutivity of the 
trace, we obtain: 



1 ry • 

H(M 1 ,M 2 ) = Tr^M^f ^M 2 ^ / 7s ) ^ -VTr (K" ' JuM^J" - Mf JM t 



F(M U M 2 ) ee Tr^Mx i>M 2 ^ / ^ / 7s ) - 4p 4 Tr \(M» V m 2 - m x M% v ) 



An . . 

+ A> 4 Tr [(M^Mr - Mr Ml) {J p , J„} 



F'(M 1 , M 2 , M 3 , M 4 ) = -F'(M 4 , M x , M 2 , M 3 ) ee Tr {jM x i>M 2 0M 3 0M Al5 ) 

-> ^ 4 Tr [MrM^Ml u M% - MrMfM^MX) 
+8ip 4 Tr {mx^mjA't ~ m *Ml u m 2 M^) , (3.22) 

where M; = M, M, M,. Mf v = \e pvpa [Mi) pa , and the traces on the right 
hand sides are over internal indices only. In evaluating these expressions we 
used the fact that since Tr (M*M%M%M^ 5 ) = Tr (M*M*M%M^ 5 ), these 
terms do not contribute to 

\ [F'(M 1 , M 2 , M 3 , M 4 ) - F'(M 4 , M 1; M 2 , M 3 )] = F'(M 1 , M 2 , M 3 , M 4 ). 
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Finally, since the expression (3.6) for TZ 5 is odd in 75: [TZ^i^)} 4 = + [JZ5 (— 7s)] 4 , 



it follows that Tr(TZ 5 ) 4 does not contribute to T(7 5 



-T(-7 5 ). The loga- 



rithmically divergent contributions from the quartic terms in (3.8) are there- 
fore given by: 



Tr 



- n d n 5 + n 5 7z 2 n 5 + n 2 n; + (kk 5 ) 
~ (nlnn 5 + n 5 nn 2 5 + rnzfj 1 _ 1 (r 4 + t[) . (3.23) 



v 



For the terms quartic in M we obtain 



T4 = --F'(M, M, M, M) = -yTr (M^M^M^Mpo ~ M» v M pa M^M pa 

mM^mM - ffiM^fhM^ ') , (3.24) 

and for the terms quadratic in M, we find: 

1 



o, Ti(nn 5 y -> - 

Trft 5 ft 2 ft 5 -> — 

p 8 2 



H(M,M), 



F(M, M) - F(M, M) — — {T'l + Tf ) , 



1 1 



H(M, Mj) + iJ(M, M/) 



Tr^ 5 ^^ = TrTZimi 5 -> — - 

p s 2 . 

—F(M, Mi) - F(M, Mi) + F(M 7 , M) + F(Mj, M) 

1 



J 4 



V 

= Tr 



^ (iy + if) - i^(M, m) 



p 8 2 



{m, M""} - {m, M } 



2p 4 



rplll 
J 4 



2* m 
— Tr 

3 



(3.25) 



Then 



T 4 



-2 (T; + Tf) + —H(M, M) = -2T'l - t 4 



p. 



' /IV 



= -2T:-jTr({JP,M, p }{J u ,M }-{JP,M lip }{J v ,M^}) .(3.26) 
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To evaluate the cubic and quadratic terms, we use a shorthand notation 
according to which the covariant derivatives imply the matrix products: 



£>±7„ = [D% J v ], D±M = D±M - MDj, 



± T\/r — n± 



(3.27) 



where here M is any mass matrix. Using the Dirac traces in (A. 23), the first 
identity in (B.12), and the additional identities 



Tr([A B]C) 



-Tr (A[B,C\) , D,(MM) = [d+ MM], D^MM) = [d~,MM], 



[d+,MMr] = (D li M)M I + MD~M I , [d~, MMj\ = (D tl M)M I + MD+Mi, 
Ti {{A, B}CD) = Ty(B{A,CD}) = Tt(B{A,C}D) - Tr (BC[A, D]) , (3.28) 

together with the facts [see (A. 23)] that Tr (er ■ A^y^a ■ B^ v ) and Tr (p ■ A^y^a ■ -87^75) 
are symmetric in {//, u}, and that [L^, J v ] = 0, we obtain 



G 



G 



Tr-R. 2 n 5 -> ^Trj - 2iX^(M, M)D+J U - 2iX^(M, M)D^J U - L(M, M) 

X^(M I: M) - X^(M, Mi) + X^(M, M T ) 
X^{Mi, M) - X^(M, Mi) + X^(M, M T ) 

X + (M, M) + X~(M, M)J + 2 (mM^ - mM^) L 

X^(Mi, M) + X^(M h M) 
1 



V 
+ 

+ 

4 
+ 3 



TrTZTZi + TrTZ 5 TZTZ 5 
+4i 



Tr -4i 



X^[M U M) - X^(M, Mi) D+J u 
X^ u (Mi, M) - X^(M, Mi)] D~J v - 2L(M , Mi) + 2L(M 7 , M) 
X (M. Mi) + .V (M,. M) - X 1 U//. M) - X (M. M,) 



+ 



(Mi, Mi) - 2X^(M T , M T )} (G+ - G" ) }, 



Trftj? -> -iTr{6iXr(M / ,M 7 )(L>+J, + J D; t 7 l/ ) 



p 1 I 



-4 [x+fMj.Mj) +X-(M / ,M J )] + 3L(M J ,M / )j, 



(3.29) 



18 



where 

X ± (M 1 , M 2 ) 
Xf (M l5 M 2 ) 
L(M 1 ,M 2 ) 



X 



pal 



= 2{L„ mi }{J v , m 2 } + -{L„ Mr}{J v , M 2 U } 

+ | ({L„, Mm/, M p 2 J + {L", AfTHJ,, M 2 ,}) . (3.30) 



Again, the traces on the right are over internal indices only. Here and 



throughout the remainder of this section, G^ u is understood as one fourth 



[XV 



of the Dirac trace of [D^,D^], and has no contribution from the spin con- 
nection, and the derivative operators are understood to operate only on 
the object to their immediate right. The expressions (3.30) can be simplified 
further using the relations 

xr(p+j v + D;j v ) = ix^(G+-G-), 

X^(p+J v -D-J v ) = -2iX^[J^J v \, 

{J^M} = ^{d+M-D-m), 
that follow from the definitions (3.10) and (3.27). Defining 



(3.31) 



X l 
X 2 

X 3 

X 4 



Tr 
Tr 



X + (M, M) + X~(M, M) 
X + (M I ,M I )+X-{M I ,M I ) 



*Tr (b^Mlfi-Mr - b^MlJb-Mf) , 
iTr (b^M^D-M^ - b c M ail b- p M p f - b +a M^D p M pp + D +a 'M^DpW 
Tr 

-X l +X 3 -tTr [D°M aix D p M 



X + (M, Mi) + X~(Mi, M) - X + (M 7 , M) - X~{M, Mi) 



(3.32) 



where we dropped total derivatives, we obtain 

4. 



n = Tr wn* - nn, 



- K 5 KK 5 + -Ki 



P 



1/4 8 

'-X 3 --X 2 + t A + 2T: 
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4i 



Tr f b°M all D p M Pl1 - D a M au D p MW ) 



3p 4 V 



+ ^Tr{x Mly (M, M)G+ - X^(M, M)G~ V + 2 (mM"" - mM" v 
Xa?(Mi, M) + X^ (M 7 , M)J V + Xf (Mj, M 7 ) (G+ - G" ) 



Xf (M, M T )G+ + Xf(M, Mi)G~ - L(M, M) , 



where £4,^4 are defined in (3.25-26), and 



t\ — — Xa — — Xn. 

3 3 



(3.33) 



(3.34) 



Finally, to obtain the logarithmically divergent parts of TilZIZc, and Tr7?|, 
we use (3.15-17), giving 



^ ~ J, L ^u Mr) + Ixf (M„ M 7 ) (G+ - G" 



3p 
4 

3p~ 



lx 3 + ^Tr (V, M CTAt }{L p , F"} - M afl }{L p , M«*}J 



^Tr [i m}D p m - D p m{L p , rh}) + L(M, M) + 2L(M/, Afj) 
Tr ({17, M ap }D p M^ - DPM aiM {L p , M°»}) 



3p £ 



Bi 



3p 4 
4i 
3p 



Tr M ap )D P M PP - D°M ap {L p , M pp }) 
4 Tr - ^Tr (L^ [x^(M, M,) + X^(M, M 7 )]) 



+-Tr [Xf (M, Mj)G+ + Xf (M, M/)G 



+— r.^Tr ( M vp M w - M up M ao ) + total derivative. 



4 ^ 



tip 



(3.35) 



Inserting these results in (3.7) gives 
ilnA 2 



2 



32tt 2 



327T 2 



/if 



20 



m)M» v - [V, m]M^ + % ({L p , m}D p m - D p m{L p , m}) 
-- ({L% M ap }{L p , M } - {L% M ap }{L p , M«*}J 

2i r 
+ 3 



i" ({At,., D ! >M I! ''} - {D e hr\ M„„}) + 2L ta ,{M"', M" p }] J. (3.36) 



To evaluate (3.36), we note that the connection is block diagonal in the 
X-A-a sector, and the axial part is diagonal in the A and a sectors, with 
Jw = —Jaa- Using the reality and symmetry properties of the off-diagonal 
X-a masses: 

mxa = ~m Xa = m T Xa , M% = M£ = - (M£) T , (3.37) 

it is easy to see that there is no contribution that involves only these masses. 
For the off-diagonal A-% masses: 

m Xx = ml x , M£ = iMg, K x = M£ = -(Mg) T , 
M^M^ = M£M$ = 0, (M pv M pv ) ° = (M pv M pv ) ° . (3.38) 

It follows from these relations that the last line in (3.36) vanishes. 

Using the fermion matrix elements given in Appendix C.2, we obtain 
the nonvanishing contributions to T_ listed in Appendices C.3-8. Note that 
these expressions are fully covariant, although the expansion (3.7) of T_ is 
not. This noncovariance is necessarily the case since T_ contains the chiral 
anomaly that breaks classical Kahler invariance. However, the logarithmi- 
cally divergent contributions are Kahler invariant, up to a possible depen- 
dence of the effective cut-off on the Kahler potential |12|, ||, [ p~3|j . 



The ghostino determinant also contains helicity-odd contributions, but 
since it has the same form Q] as that of a four-component scalar, its evalua- 
tion is straightforward; the result is given in Appendix C.7. 
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4. The One-Loop Effective Action 



The quantum action obtained by the prescriptions defined in I (see section 
2 of that paper) and in Section 2 above takes the form 

C q = -U> T Zs, (b 2 + H*) $ + ]^QZ e (iP- M e ) Q + C gh + C Gh . (4.1) 

The last two terms are the ghost and ghostino terms, respectively, $ = 
(h^, A a , z\ z™) is a 2N + 4iV G + 10 component scalar, 6 = (ip ll ,X a } x I = 
L\ l + Rx % i a ) is an + N G + 5 component Majorana fermion, where N is 
the number of chiral multiplets, Nq is the number of gauge multiplets, and 
the matrix valued metrics Z$ and Z® are defined in Appendix B of I and in 
Appendices C.I and C.2 below. As in I we set background fermion fields to 
zero, so if)p, \ a , x 1 are the quantum gravitino, gaugino and chiral fermions, 
respectively, and a is the auxiliary field introduced to implement the gravitino 
gauge fixing condition M. The matrix- valued covariant derivative is 
defined as in Appendix A of I, and includes additional terms in the 
connections that are given in (2.11,17) above. 

The one-loop contribution to the effective action is 



The general results obtained in [|T 
minant: 

r a 2 



-Tr ln(Z) 2 + H 9 ) - -Tr Ln(-i p + M, 



+iTr\n(D 2 + H Gh ) - ill \n(D + H gh ). (4.2) 
[§], ||, J2^| give for the bosonic deter- 



-THn(£H + #*) 



In A 2 
+T7^rTr 



32tt s 



-Tr ( -r 

6 



32tt 2 



6 



12 



120 



and for the fermionic determinant we have 



(4.3) 



-Trln(-i^ + M e ) 



(T + + T_) 



S 



Trln[£> 2 + F e ] --T_, (4.4) 



22 



where in (4.4) and H® are the 8x8 matrices defined in (2.14-17). The 
helicity- averaged part, T + , of the fermion trace is — 4 times (4.3) with the 
substitutions — > Hq, Gf iu — > G® u and the trace includes a trace over 
Dirac indices, so 

~ (Tr l) e = (Tr 1)„ - 2N G = 2N + 2N G + 10. 

Similarly, the ghost and ghostino contributions are equivalent to, respectively, 
—2 times the contribution of a (4 + A^)-component scalar and +2 times the 
contribution of a four-component scalar. For bosons, H§ and are defined 
in Section 2; the matrix elements of H and of 

G>„ = [Dp, A/], (4.5) 

are given in Appendix C, and the helicity-odd contribution, T_, of the fermion 
determinant that was evaluated in Section 3, Eq. (3.6) is given in (C.36). The 
traces in (4.3-4.4) are given explicitly in Appendix C below and in Appendix 
B of I. Here we list only the contributions involving background Yang-Mills 
fields and/or integration over the quantum Yang-Mills supermultiplet that 
were omitted in I. 

If C(g,K) is the standard Lagrangian |K|, |20[ for iV = 1 supergravity 
coupled to matter with space-time metric g^ u , Kahler potential K, and gauge 
kinetic normalization function / a & = 5 a b(x + iy), then the logarithmically 
divergent part of the one-loop corrected Lagrangian is 

C eff = £ (g R , K r )+Cq+^ (X AB C A C B + X A C A ) + ^ 1 ^ (L + N G L g ) , 

(4.6) 

where the classical Lagrangian C(g, K) is given in Appendix C below (see 
footnote 1), Cq is the one loop correction foundf] in I after renormalization 
6 The last five lines of (3.6) in I should read: 

- 4 (V^K M f + (f - 7) 
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of g, K [see Eq.(3.6) of I], and 
L = 



24e~ K aaV 



W a6 (3C G 5 ab - D l {T b zYD 3 (T a z) i ) + h.c." 



6 

N + 5 



x 



W ab W +2V 2 -V (KinVpz'Wz* + 2V + 4VM 2 )' 
+ Ux 2 W ab W ab + 12 (W ab + W b ) V a V b + 22P 2 + 2V (llV + %K vffl V p z l V p z™) 
+x (W + W) (K iih V p z i V p z! h - 2M\ - 2V) + 4V (27M 2 + 7M 2 ) 

-2^V^V v z rn K lin V a F^ + -V^V p z m R nmj V a D^T a z) n 

OC 

+ -V a e- K R k n \A k A n D,(T a zY + —V a \(T* zy B^* t k A* A jk + h.c." 

Ob Ob 

+2iF; u D J (T a zyRi fhk V»z k V' / z fh + ^V e - K R)A t A 3 + ^DV^V^R^ 
D l (T a z) 



6x 
1 /19 



AV a (v p zW»z m K jm + V + 3M 2 - 2V) + mF^K^V* 'z j V l 



/II 



+ 2 + /°ViJ ^ (fy*^ + c^y) - + 3p>, J d^xV^ 
-j- (l + 3x 2 pV.) (9px^x + 0,y0"y) + (f>* - ijw) 
"5 { [- (>7 - ^7) + %H (ft,* + ift,y) K m (T a z) l V^ + h.c.) 

L . OC OC j 

-p l Pl { [ix (F7 - iF^) + g up V a ] (d u x + id v y) K m (T a zyV p z m + h.c.} 
+2ix 2 p l p{D ll z 3 V v z fh K lfh V a F pv + 2x 2 p l Pl V \%Ml + M\ + 2V — 2e~ K aa 



-x 2 p l pi 



2x 2 W ab W ab (l - x 2 p l p t ) -Ax(w + W)v+ (W ah + W ab ) V a V b + 2V 2 



+ -V^Vz'V^Vz^KinKjrn - -V p z l VP z^ 1 K iih V z^V p z n R jn 
+ V^V^z m R^ m V v z e Vz n Rl nk + V p z i V^z i R k j l {D v z^V v z m Rnkmi 

+ V^V v z m R k mj V^z l V v z n Rl nl - V^V v z m R k mj V" 'z e V»z n Ri nl + 4 {C i A i Ae~ K + h.c. 
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A PlJ {T a z)\T b zyW ab + tV u z m (T a zY Pmj (f^ - iP?) V + h.c." 



"2 

+2x 



+ ft 3 W 



+ h.c. 



+ {>V [2X 3 // p;Mf + f Oi(a - A)e- K - x 2 p ij (A jik A k - A^A) e~ K ] + h.c.} 



+ h.c. 



■-K- 

2 ± *-im 



V v z^{T a zf - V v z\T a zf\ [r Pij V p zi (F; u - iP a pv ) + h.c. 

K kfh (T a z) k V»z™ + % - (d u x + id v y) (F v * - iP"") + h.c] (p.p^'P + h.c.) 

W ab PlJ f(T a zyV b + x 2 V p z i V p z j (2 Pij W - i^p^W) + h.c." 
+2x 2 p ij piVV p z i V> , z™ + x 4 PijP ^WW, (4.7) 



+ 2x 



(pV*) WW - 2M* + 3M* - 2MjM 2 + V 2 + T? 2 + 6e~ x aaM| 
+2V (2M 2 - M 2 + e' K aa) - e~ x (a* A + h.c.) (y + M 2 ) 
+e- 2K a i A i a j A j - 2e~ 2K {a^^A + h.c.) + x 2 p^V^V^z^ p nifl V v z m V v 2 



+e- K V^z l V»z n 
+e- K \v a z i V^z 1 



(a; - Ai) (am ~ An) + x 2 p ik A k p^Aj + ^^aa 



(at - A^ i^-a - xp 3n A n j - -fi(a- A) p jk A k 



+ h.c. 



+ 17 | p f ^"^/m [ 2cw * - " A ) Ak ] + ^V^zia^a - A) + h.c. 

+x (pijV^Wz? + h.c.) (Mj - y) + e"^ [xpijD^Wz? (a k A k - 2Aa) + h.c. 
r-j I + ^) (d»x + id^y)\ 2 -x 3 p l Pt (w + W) (m 2 + \>) 



16x 4 
+x 3 pVfc 



W [xp ij V fM z i V^z j + e^Ao* - 2e~ K aA) + h.c. 



v z 3 
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~ (v^V^K im ) 2 + x 2 W ab W ah + l - (W ab + W ab ) V a V b 

-\v 2 + \m{ (v^V^K m - 2V) - ^^ + ^^ K uJ> v7 hyt 



+-VV lx z i V»z™K i , i 



' d v xd u x d v yd Vr g 



Qx 2 



Qx 2 



(2V„z'Vn"K m - V 

Our notation is defined in Appendix B below. Here W = W%, where 

W a b = \ (F^FT ~ iF^FT) ~ ^ VaVb (4 ' 9) 
is the bosonic part of the F-component of the composite chiral supermultiplet 
constructed from the Yang-Mills chiral superfield W a (9) = \ a L + 0(9). The 
renormalized Kahler potential is 
In A 2 



K R = K + 



327T 2 



e- K (A i:j A ij - - 4AA) - 4/Q - (l2 + 4x 2 p iP l ) V 

(4.10) 



and the renormalized space-time metric is given by 



lnA 2 



32tt 2 



G 



= e u + 



6 

In A 2 Nq 



(r + V) + 



55 -N 



6 



D + 2x 2 p i p i V + —VaD^zY + 



3x 



G M 2 



N, 



g^ 



^ (d p xd»x + d p yd»y - V^V^K^) 



+N G 



■ 2 VAx _d^ + d_^y_l ( + } 



x x* x* 2 

„1„ „i N 



+rF a F p 



a /TV + 17 , iV G 
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+ 



iV + 29 iV G 2 f 

X PiP 

6 2 H 1 



(4.11) 



where the superscript refers to the result of I. The terms in (4.6) propor- 
tional to La can be removed by field redefinitions: 

32tt 2 V 2 



(4.12) 
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with 



X 1 



N, 



G 



-fifn 



X, 



(X T )* = Ae~ K A l A 



ap,bu 



X 



= l — (7 + x 2 pip l ^j 5 ab g p „, 

x y 9 

{2 + x 2 p i P] )v a (T a z) i 



du.x . 



X, 



fta 



-4xVp* - 2p^(T a zf n V a - Ng^-W+z* 

+X G £ [xV'PiW + xp jk V p z'V p z k + e 
i 

x 



-K - 



(aPAj - 2aA) - V — M\ 



(16 + 2x 2 p l Pl ) K im [{T a z) l V p z m - (T a zYV^ 



d p x 



+x PlP l (d p xF app + d p yF app ) + 3~^F apfl + — (7 - N G ) F t 

1 r/_ . - x , ^ . i /„ n i \ d p y, 



app 



+ ; 



(F aptl - iF app ) WjpiJ* + h.c.] - (5 + x 2 p t p t ) -^§-V a . (4.13) 



The terms in (4.7-8) of the form g(z, z)WW are the bosonic part of the 
effective Lagrangian (in the notation of |f2~0|j ) 



£1 



w\ 4 



d 4 9Eg(Z, Z)\WW\ 



(4.14) 



It should be possible to write the remaining terms in superfield formQ [up 
to total derivatives and field redefinitions of the form (4.11-13)], and thus 
to extract the fermionic part of the Lagrangian for these higher dimension 
operators. However, there may be additional fermionic terms, e.g, those of 



the form 23 



1 d 4 6Eg{Z,Z){WW) n>1 + h.c, (4.15) 

that cannot be obtained in this way, as they have no purely bosonic compo- 
nents. The determination of such terms requires retaining fermionic back- 
ground fields li, H, p|. 

7 Note that F l = —er K / 2 A % and M — —3e~ K / 2 A are the bosonic parts of auxiliary 
fields of the chiral superfield Z % and the gravity superfield, respectively. It is easy to show 
that calculating the one loop corrections before or after elimination of the auxiliary fields 
in terms of their classical solutions gives the same result to the loop order considered. Our 
results are expressed in terms of these auxiliary fields in |30| . 
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Notice that the coefficient of In A 2 F I1I/ F tll/ is not a holomorphic function, 
except in the limits of a flat Kahler metric (Dj — > <9j) and flat space-time 
(Mp; — ► oo, in which case operators of dimension greater than four are 
suppressed). This nonholomorphicity is distinct from from the holomorphic 
anomaly [[[], that arises from the field-dependence of the infrared regulator 
masses. In other words, when the Kahler and/or space-time metric is not 
flat, there are corrections that correspond to D-terms as well as the usual 
F-terms. 

The quadratically divergent contributions to the one-loop Lagrangian are 
given by (C.33-C.35). The Pauli-Villars regularization of these terms was 
given in they contribute additional renormalizations of the metric and 
the Kahler potential that are determined by the field- dependent squared 
masses of the Pauli-Villars regulator fields that play the role of effective cut- 
offs. The field dependence of the effective cut-offs in the logarithmically 
divergent contribution to the renormalized Kahler potential will generate 
additional terms in the effective Lagrangian proportional to 

£> 7 lnA 2 = 2^, J = z,i, 

that do not grow with the cut-off, and therefore have to be considered to- 
gether with the finite terms that we have not evaluated here. 

5. The String Dilaton 

In effective supergravity from superstring theory, the classical Kahler po- 
tential K(z,z), superpotential W(z) and Yang-Mills normalization function 
fab{z) take the forms 

K(z,z) = -Hs + s) + G(y\y m ), W(z)=W(y% 
fab(z) = 5 ab k a s, y i ,y m ^s. (5.1) 

Although we have restricted our analysis to the case f ao = 5 a bf, it is equally 
applicable to the case f ao = S ao k a f, k a = constant, provided we make the sub- 
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stitutions -> klF^, A- -> T a -> A; a ^T a , c abc -> fc a ^c abc , {c abc + 

only if k a = k b = k c ) in all the relevant equations. Our results are therefore 
applicable to all known effective tree Lagrangians from superstrings, includ- 



ing those where the integers k a > 1 correspond to higher afhne levels |Tl 
In this case the operators a, Pij,l — x 2 p i p l ) and their covariant derivatives 
vanish identically. In particular M 2 = = M 2 , and (4.6) reduces to 

In A 2 / .„ 

Ceff = C(g R ,K R )+C 



111 A2 'x AB C A C B + X A C A ) + y/g^ (L + N G L g ) , 
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L 



+ 



12 

N + 5 

12 



W ab + ^ ^ CaSab _ Di (T bZ y Dj (T aZ )^ + 2V (13V + m^V^V^ 
A 1 ' r (s + s) 2 W a6 W a6 + 2 (W ab + W b ) V a V b + 8V 2 - 8 (y + 2M 2 ) D 
(a + 5) (F p ; - tf« ) (Ff + iF?) + Atfp] VjV»zTK iih 
+-{s + s) 2 W ab W h + 11 (W ab + W ab ) V a V b + 20D 2 + 154M 2 D 
+ (s + s) ^ + ^ (K m 'D^ i V p -g h -2V + 2V) - 2MV il z i V v r t K m V a F^ 



2 
4 

' 3(s + s) 



FL - iF«) [Ft + iFn V v z^z m K v 



4V a (V-2V + 3M 2 + KjrnV^V^z™) + UiF^K^V^^V 
- \^DR m + Rnimj D j (T a z) (e~ K A i A m + V^V^ 

+2tF« l/ D J (T a zyRl rhk V»z k V»z m + ^—(D a \(T a z) i R i j e k A e Aj k + h.c. 



[8 + 8) 



12 



s + s 
d n sd u s 



| id vS (F? - iF?) + ^|P a V^K im {T a zY + h.c. 



2 Upsu ~ ' s (F a +iF a )( F w - iF w ) + 4Q d/^s v , 2 gj 



daSdyS 



[s + s 



s + s 

2 



s + s) 



{s + sf 



(w a6 w ab + WW 



s + s 



W + W M 2 + \/ + X? 



+| (W afe + W a6 ) P a P b - 2 (p + M M 2 + 1 (M 2 + y) V^V*z m K % 
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~V 2 + ~K m K jn (±V lx z i V lx z j V v z ih V v z fi + V^V^VvZ^Wzi) 
1 _ _ 2 / \ (9 s<9^s 



s + s) 2 



d, l sd p sd u sd u s 2d fM sd l/ s 



(s + s) 4 (s + s) 2 



K ifh (pUz'TTz* + V p z m V 
' dysd^s s + s 



V 



2(s + s) 



K lM V u z l V»z m 



with, instead of (4.10), 
In A 2 



K 



R 



K+ 32^ ( 6 ~ K \- AijAij ~ 2AlA% + {Ng ~ A)AA 



- 4/C - 16V 



(5.3) 

Here we have considered only the standard chiral multiplet formulation 
of supergravity. Their is reason to believe @, 0], |26| that the dilaton in 
the effective field theory from superstrings should be described, in fact, by 
a linear multiplet, which is dual to the chiral multiple used here. It has 
been shown [pj]] that a variety of classically dual theories remain equiva- 
lent at the quantum level. In [I3|| it was observed that once the ambiguous 
matrix elements (3.9) have been fixed in a supersymmetric way that admits 
Pauli-Villars regularization, the axion y of the dilaton supermultiplet appears 
only through its dual h vpa = e upapJ d^y /Ax 2 . This suggests that the properly 
regulated chiral supergravity theory also remains equivalent to the linear 
multiplet version for the dilaton at the quantum level. Some loop corrections 
using the linear multiple formulation have been carried out in p8| . 

As shown in I, further simplifications occur^ in specific models, such as the 
8 The four-derivative terms of (4.4) of I should read: 



~A(V,z™V»z'K lrh y 
+ '^D^z rh V^z l V v z fl V v z^K in K ]rn - ^Vp^Wz^K^Y,^ + l)V»z?'D l j?K% 

a 

+\v fi z i V 1/ z m K m (N a + 1) K% {V» Z iV v z n - V v z j V»z n ) 
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untwisted sectors from orbifold compactifications where the scalar Riemann 
tensor is covariantly constant and the Ricci tensor is proportional to the 
Kahler metric for each untwisted sector. 



6. Conclusions 

In this paper we have completed the results of I by including the gauge 
sector. The complete divergent part of the one-loop Lagrangian, obtained 
from the results of this paper and from I, will be presented elsewhere in a 



short communication 30 



Some comments on the implications and applications of our results are 
in order. It has already been shown |T3J that, using the gauge fixing and 
expansion procedures defined here, the one-loop quadratic divergences, as 
well as the logarithmic divergences in the flat space limit and in the ab- 
sence of a dilaton, can be regulated a la Pauli-Villars. Regularization of 
the full supergravity divergences without a dilaton are under study |L8| . An 



objective of this study is to determine the extent to which, in the string the- 
ory context, a modular invariant regularization procedure can be achieved 
that preserves the continuous SL(2, R) symmetry of the classical effective 
Lagrangian. To obtain the full one-loop Lagrangian, including all finite con- 
tributions, requires a resummation of the derivative expansion. A procedure 
for resummation will be described elsewhere 



We have presented our results for one-loop corrections to the classical 
general supergravity Lagrangian |TI| with at most two-derivative terms. 
As seen in Section 5, the result simplifies considerably for the classical ef- 



(N a + l) (V^Vn^Kf^ 2 + (N a + 7) V^VzW^Vz^K^K^ 
(JV Q + 1) V^V^z l V v z'V v z n K^Kt f , 
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fective Lagrangian derived from string theory, due to the the absence of a 
potential for the dilaton and the special form of its Kahler potential. These 
features are modified when the effective Lagrangian includes a nonperturba- 
tively induced [JH] superpotential for the dilaton and/or the Green-Schwarz 
counterterm |2| that is necessary to restore modular invariance. The latter 
term destroys the no-scale nature of Lagrangians from torus compactification 
and the untwisted sector of orbifold compactification, and generally desta- 
bilizes the effective scalar potential. However this term is of one-loop order 
and therefore should be considered together with the full one-loop correc- 
tions. An interesting question, that will be addressed elsewhere, is whether 
these corrections can restabilize the potential. 

An important unresolved issue in the construction of effective supergrav- 
ity Lagrangians for gaugino condensation is the correct form of the kinetic 
term for the composite chiral multiplet that represents the lightest bound 
state of the confined Yang-Mills sector. It has recently been shown [|32|1 . 
in the context of both the linear and chiral multiplet formulations for the 
dilaton, that such terms can be generated by higher dimension operators. 
The contribution (4.14) to the effective Lagrangian determines the leading 
one-loop contribution to these operators; similar terms occur in string the- 
ory [Q. This is one example of how the determination of loop corrections 
can serve as guide to the construction of such an effective theory. 
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A. Dirac algebra 

We work in the Weyl representation for the Dirac matrices; for a flat 
metric: 

70 = 7 ° = (-°i ~o)> Y = ^ = (-°^ o)' 

75 = *7V7V=Q _°A ^ v = \[l^l v \. (A.l) 

To evaluate the fermion determinant, we note that an arbitrary 4x4 Dirac 
matrix M^ can be written as 

M A = RAR + LBL + RCL + LDR, (A.2) 

where A, B contain an even number of Dirac matrices j v , C, D contain an 
odd number, A, B, C, D have no explicit 75-dependence, and L = |(1 — 75) 
and R = ~(1 + 75) are the helicity projection operators. Then TrA^4 = 
TrRA + Tr LB = Tr_M 8 , where M 8 is the 8 x 8 matrix 

/ RAR RCL \ 
^8=( rnn rnr ], (A.3) 



LDR LBL 



and Tr/(A^4) = Trf(M 8 ), where / is any function that can be expanded in 
a Taylor series. Writing M. 4 = ^4(75), we have 

A^ 4 (- 75 ) = RBR + LAL + RDL + LCR, 

\ [Tr^ 4 ( 75 ) + TrM,(-^)] = \ (Tr A + Trfi) = ~Tr ( * ^ . (A.4) 

Similarly, if / is an arbitrary function of M4, 

1 -{Trf{M 4 (^)] + Trf[M,(- l5 )]}= 1 -TTf(P), P = (t ■ ( A -5) 

Setting M4 = -ip + M e , f(M 4 ) = ha Ma, (A.5) gives the trace T+ that 
has been evaluated previously^ To evaluate the determinant T_ we 

9 The contributions from the terms M I1V (T* 1V were not fully included in B. 
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define 

M 4 = 70 H P + M ), (A.6) 

which is a 4 x 4 matrix in Dirac space that we write in terms of the 2x2 
Pauli cr-matrices as 



M, = -('I ^ = (l,±a), o£= % -(o£o* 



C = m + M^af = M(<rf), D = m + M^o^ = M(cx^) 



<J-d,, = at 



£>n (<7_, a + ) = ^^a^a;. (A.7) 

The matrix elements in .M4 are defined, up to the 75 ambiguity noted in [[L3|], 
in terms of those appearing in the fermionic part of the action (4.1) by: 

= D, t + i l5 L, t = iD+R + iD~L, M e = M(a^)R + M(a^)L. (A.8) 

The matrix- valued derivative operator is defined in (A. 12) of I, the addi- 
tional gaugino connection is given in (C.19) below, and the elements of 
the mass matrix M e = MR + ML are given in (2.16), (2.17), (A. 11) and 
(B.10) of I, together with (C.15) below. The tilde operation on A, 1$,C, D 
amounts to the interchange a + <-> er_. Thus 

m = * - ^wrVVV') R = RP 2 R, 

m = L (p- - ^c^tVYt*) L = LP 2 L, (A.9) 

where the appropriate zero's in the transition from 2 x 2 to 4 x 4 matrices 
is implicit in the last two lines. More, generally, products of cr± can be 
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converted into products of 7^ by 



(o + a_) n o + -> -L 7 2n+1 J R, (a_a + ) n <r_ -> -i? 7 2n+1 L 



(a+a_) n -> L 7 2n L, (er_<7 + ) n — ► Rj 2n R. (A.10) 
Then defining 

S± = -[TrlnA^ 4 (M,o ! )±TrlnA^4(-M,-o i )], 

A< 4 (-M,-5) = -f ^ T? J = A-f 4 (-M, -75)70, (A.ll) 



-d a 



(A. 9-10) immediately gives: 



1 / -R[p 2 + + MM]R -R[i P + M - Mi p-]L\ 

2 1 n \-L[i p-M - Mi p + ]R -L[p 2 ^ + MM]L ) 

= ^Trln(- P 2 - M 2 @ + i[P, M ]) = ^Trln (-D 2 - H 2 e ) . (A.12) 

where D = D@ and Hq are defined in (2.17) Although the matrix in (A.12) 
is 8 x 8, the helicity projection operators L, R project out half the elements, 
so the counting of states is unchanged when we take the Dirac trace. Since 
Tr\nM(M) = Trln M(-M), we haveQ S± = T±, and (A.12) is equivalent 



to (A. 5), up to the ambiguity described in |T3[]: terms even and odd in 75 
can be interchanged using 75 = (z/24)e / ^ p °7 M 7 I/ 7 P 7 -. 

The next step is to cast SL = T_ in the form of (3.3) and to take its Fourier 
transform to obtain an expression of the form (3.4), but before performing 
the p-integration we write 

M~ x [M{m) - M(-j 5 )} = M-'M^MoiMijs) - M(-j 5 )} 

= 2 (d 2 - % -a^ + iD^MA %D v N\ (A.13) 



10 



In JU it was incorrectly stated that S- = 0. 
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where Aio isQ the matrix (A. 11) with 



C = D = 0, A, = + L M (a+, a_) , B^ = D^+L, (<r_, o+) , 



i[^( T 5)-^(-75)] 




(A. 14) 



and 












) 



(A.15) 




T(p,x) -> UT(p,x)U~\ U = exp [-id-— exp U<9 ■ — , (A.16) 



which leaves the (properly regulated) integral unchanged. In the absence 
of background space-time curvature, the 8x8 matrix valued operator is 



In the presence of space-time curvature, one has to expand || the action at 



where 7^ is the afhne connection, and the full connection a M (x, £) includes 
terms that depend on the afhne connection and its derivatives. The expansion 

n It might seem more efficient to take instead Mo = Mn(—M, —a) but this form turns 
out to introduce a spurious quadratic divergent term involving M^. To explicitly regulate 
ultraviolet (or infrared) divergences, one should introduce a regulator mass matrix /io and 
set Mo — > Mo + Ho; see the discussion in Section 3. 



simply 




(A.17) 
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of (A. 13) for this case is determined in ||. We then obtain the expression 
(3.4) with 

T(p,x) = — -Trln 1 + 2A{x,p)p 2 TZ^{x,p) 

A -i = —T^A^Av + h + X + (p u + G v ) PfwM 1 *, 

G, = G ^7T> G^ = [D ll ,D v ], 
n^o (m + 2)\ V op J dp v 

00 (_j\n ( a \ n a a 

1 d 2 ( d 3 \ 

6 op p ap fJ \ap 6 ) 

i j f) 3 ( <9 4 \ 

3 dppdp" 6 dp p dp a dp x \dp 4 ) ' 

3 3 op 11 yap J 

1 d 2 ( d 3 \ 

t, = 9< V *V-W^ + 0^j, (A.19) 

Finally we write A -1 = —p 2 (l + TV) and expand 

a = (i + n)-\-p- 2 ) = ^(-nn-p- 2 ) (A.20) 

n=0 

to obtain the expression (3.8), where we have set fio = 0. 

Once all these manipulations have been performed we can simplify the 
expression for the fermion connection by using simply 

D± = D± + i l5 L„. (A.21) 

The point is that the part of the gaugino connection arising from the dilaton 
has been included in the "vector" (J^): 

d, + Jl = \ (D+ + D~) =\{pt + D~) + z 75 ^, (A.22) 
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rather than in the "axial vector" {J p ) part of the connection. 

We conclude this appendix by listing some Dirac traces that are useful in 
the evaluation of T_ and of the ghostino and fermion determinants: 

Tr 75 7V7 P 7 CT = -4ie^, Tr 75 <r a/ V" = Aie^, e 0123 = -g' 1 ^ = 9~K 
Tr( 7 57 a 7 /3 7 7 7 5 7 e 7 C ) = -4i [e^g a/3 + e a ^ 5 g< 

Tr(7 5 cr a/3 7 7 cr <5e 7^ = 4i[e Q/37 V C + e a/3n g S( + e af35e g^ + e Q/3c V e + e^V*], 
Tr( 75 cr a/3 cT 75 7 e 7 C ) = 4i[e Q/37 V c + e a/3e V c + e a/37 V + e Q/3, V C + e^V'], 
Thr^F^ = SF^, Tr VV( 7 AT FrC^ T = MiF^F^ „, 

Tr (a • Ao- • Scr • Ccr • £>) = 16 [A^B^C^D^ + (A • B){C ■ D) + A^ U {B ■ C)D^\ 
+64 {A^B W C^D V(J - A^B, p C ua D^ - A^B< m C w D va ) , 

Tr ( 7 ^V • Afa ■ B) = 8 A^B^ + 2A^B p v + 2A p "B"") , 
Tr (7^(7 • i4<r • B) = 8 i^g^ v A pa B^ a + 2A w 5 p " - 2A p , 
Tr(V 7 ^- ^V-^) = 8ir£(i*'B w -^'B w ), (A.23) 

where a • A = a [LV A xv ', etc., and Z^ v = |7 p 7°V p(T1 , p is the field strength 
arising from the spin connection (note that jf/yvZ^" = |r). To evaluate the 
last trace in (A.23) we used the relations (B.14) and (C.25). 

B. Relations among operators 

In this appendix we derive relations among the various operators that 
appear in the traces needed to evaluate the one-loop effective action. We 
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adopt the gauge sign conventions of JTIJ, p9| : 

v, = v, + iA„ A, = T a A^ t;-=(t;.)*, 

= d^ + tA-(T a z)\ V^ = d fl z m -iA^(T a zr, 
F^ u = -[V„, V v \ = V^A U - VyAp + i[A li , A,}, 
F% = V,A a u -V u Al-c\ c AlAl. (B.l) 

Our other conventions and notations are given in Appendix A of I. 

We first consider constraints on covariant scalar derivatives that follow 
from gauge invar iance. We define 

JC ab = -K m] (T a z) m (T b zy, V a = K l (T a z)\ V = ^-V a V\ 
x Lx 

fab(z) = 5 ab f(z), f = x + iy. ~ (B.2) 

The classical scalar potential is V + T>, where V has been defined in I. It 
follows from the gauge invariance of the Kahler potential K that: 

5 a K = K i (T a z) i -Kn(T a z) ih = 0, D t DjV a = D r - n Dr n V a = 0, 
K m D n (T a z) m = K jn Di(T a zY, D\T a z) m = D m {T a z)\ 

K^Tazy + K 3 (T a )l = K m (T a zr, D k D 3 {T aZ y = -R jffl £(T a z) m , (B.3) 

where K i3 - = didjK = diKj, and the second and third lines follow from 
the first by taking successive scalar derivatives. Here di = d/dz 1 , I = 
Di is the reparameterization covariant scalar derivative, and Rimjn is 
the Kahler curvature tensor. Indices are lowered and raised, respectively, 
with the Kahler metric K ifh and its inverse K tm . Similarly, it follows from 
the gauge invariance of / that 

u = fi(T a zy = o, 
I.yT.r-vr = ■■LPyr,,:.)'/'. f l3 (T a zy (T bZ y = -f^zyD^nzy, 

fiUD^Taz)* = -rfnrn(T a zr = -f i f ij (T a zy, f,j I),I),f. (B.4) 
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and from the gauge invariance of the superpotential W that 

MT a zY = A m (T a zr = V a A, 
Aij(T a zy + AiDjiTazf = V a Aj + Kj fh (T a zf h A 1 

A l]k (T a z) 1 + AijD k (T a zy + A lk D,(T a zy + AiD k Dj{T a zf 

= V a A jk + K jm (T a z) m A k + K km {T a z) m A 3 . (B.5) 

The tensors A il ... in are reparameterization invariant covariant derivatives [|J 
of A = e K W. Using (B.3) and the definitions (B.2) we obtain 

JC ab - IC ba = -c abc V c , K a \lC ab - K ba ) = -l-Gfv a V\ (B.6) 

x 2x z 

where Cq^ is the Casimir in the adjoint representation, c abc are the structure 
constants of the gauge group, and 

(T b zyD t (T aZ y = (T a zyD t (T bZ y + tc abc (T c z y, 

V b K itlj {T a z) ih {T a z) i D i {T b zy = V l # m (T a z)*(T*z) i D i (T a z) i - l -C<g ] V a V a . 

(B.7) 

Combining (B.3) and (B.5) we obtain 

A t D\T a zr = A^{T a zy = -At{T a zy + A rn V a + A{T a zT, 
A'D^zf = A n D n (T a z) k = A n D k (T a zf = -AUT a zf + A k V a + A(T a z) k , 

V a Ai k A t3 D k {T aZ y = -^ k A lJk (T aZ yv a 

+ \R^ k A' k A{D a {T a zr + yP.\, r V l + V^T^A^A. (B.8) 

To evaluate the one-loop effective action, we find it convenient to intro- 
duce the scalar field reparameterization covariant derivatives of the variable 
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p, defined as the squared gauge coupling: 

P = - = g\ Pi = D iP =-J±, p i = K m D m p = K m p m , 



x 



1 (s fifi 



■DffiPi Prhi ffhPi '^'•^PfhPit 

X 

Dj (x 2 pip 1 ^ = x 2 p l pij, D m (x 2 pip 1 ^ = x 2 p l m pi, 

DjD,, {x 2 pip 1 ^ = x 2 p l p ijk , etc., 

fmij R-ifhjfk 2iC Pfhij ^^ffhPij 2x 2 ' ' (B-9) 

It follows from [D m , Di](x 2 pip 1 ) = that 

/Vh + -PPPki = fkP l kJ + -fkfiP kj - (B.10) 

X X 

In addition we introduce the variable 

a = A + —Ai = e K/2 (m^ - rh x ) , a h ... in = D h ■ ■ ■ D in a. (B.ll) 
2x 

The variables a, pij and l—x 2 p l p i , and all covariant derivatives thereof, vanish 
for effective supergravity theories obtained from superstrings in the classical 
limit: f(z) — s, K — — ln(s + s) + G(z, z^s,s), W s = 0. 

We will also need the following identities involving the Yang-Mills field 
strength and the space-time curvature. It follows from manipulating products 
of the antisymmetric tensor e pupa that 

M^Ml = ±g;MrM 2 a -M' p Mr, ^^e^C 

pa pVpb ppa _l pa rpiw\2 _ (pa p^\ 2 ,Apa ppvpvppb 

± liv ± b ± pa ± a \ ± pu ± b I \^ pv ± a J ' ^ c± pp ± a ± b ± cvi 

(F^FD 2 = -2(F^FD 2 + 4F^F apa F b ^Fr, (B.12) 

where M l is any antisymmetric tensor-valued operator. Using the first of 
these gives 

TrA^B^D^ = ^Tr 



(D -A)(B-C)-(A- B)(C ■ D) - A^B pa C pv D 



per 
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Tr A^B^C^D^ = ^Tr [(A ■ B){C ■ D) + (D ■ A)(B ■ C) - A^B pa C^D^ 
Tr A™ B^C^D^ = ^Tr [(A ■ B){C ■ D) - (D ■ A)(B ■ C) - A^B pa C^D»°] , 

K F « P = \9 P ^K a - (B.13) 

It follows from the the symmetry properties of the space-time Riemann tensor 
that 

1 
2 

and, using (B.12) with M x = F, M 2 = F, M 2 = -F, 



r p ^F™F^ = - V pa F^ u Fp a , (B.14) 



r pvcr rpapp \ pa rp^f rpa 

I pap,v L a 1 2 p y a P a 



= W V F%F? -\rF; p F^ -\r^F^F« a . (B.15) 



In addition: 



f; v [v^v p ]f^ = Cabc F; v F b ^F^ p 

+<F« p F^ - \ V ^F^F; C . (B.16) 

It is convenient to isolate terms that do not contribute to the S-matrix, 
using the classical equations of motion: 
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iCj = -KjjD^z 1 -Vj-^VaiT-zYKu-h-A^., I, J 



I i,3 

vv U,j 



(xg) *C ap = (xg) zg^-^ = V" v T avpi + Fo»J-^- 



+ ^K m (v,z m (T a z) 1 - V^z\T a zf) ■ (B.17) 
The first of these gives, in particular (M| = m^m^, M\ = m A m A ): 
JLc = (^—c}\ = -V 2 x - iV 2 y - 2x 4 p i p i W + - (d v x + id v y) (d v x + id u y) 

\fg \V9 J ■ x 



-^pijV^V^z 1 + 2xe~ K (2aA - a'Ajj + 2x (y + M| - M- 
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a + bx 2 p l Pi j 



+ 



^V^K^D^z* 1 + h.c) - —V 
x J 

d^xd^x 



x A 



x 

x \ d ud^x ~ 

V + —F 2 + FF + total derivative, 

4 / Ax 



v a (T aZ ycj = 



a + bx p l p, 



x 



2K im V^z l V^z m V a D l {T a zy + 8xVM 2 

-2V a V b IC ab - e~ K \v a (T a z) i A ij A :i + h.c." 
+ [K lfl K 3ih V»z\T a zf [{TazYV^ + (T a zfV^\ + h.c.} 

V"z j (T a z) fh + (T aZ yV»z f 



X 

+bxV a 
+total derivative 



V^p'p^K;,,, (7V'T/;,;) ; • '/},,:'( '/„:)'") h.c. 



(B.18) 



We absorb a part of the one loop correction into the Kahler potential; a shift 
5K in the Kahler potential gives a shift A$k£ in the Lagrangian: 



-^-AskC = -8KV + SKirn (e~ K A i A fh + V^V^z™) 



- SK,, 



e- K A l A+—V a (T a z) 



+ h.c. 



(B.19) 



Taking 5K = V, the last equation in (B.18) can be written as 



a + te 2 P , Pi v * {TaZ y Ci = ( a + bx i p * p \(± Av C + 2V 
x y9 \v9 



e- K aa - 3M| - 3M% - V 



+ 



K ifl K 3 ^D,z l V^z\T a z) m {T a zf + h.c. 



+i Mv a \K m {T a z) l V^ - h.c. 
x z 1 

+bxV a [v^z k pip kj K m (p^(T a zY + V»z\T a zf) + h.c. 
+total derivative. (B.20) 
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C. Matrix Elements and Supertraces 



In this Appendix we list matrix elements of operators appearing in Eqs. 
(4.2-4.5) and traces needed to evaluate the divergent contributions to the 
one-loop effective action (4.6). Notation and conventions are defined in Ap- 
pendix A of I, and the relevant part of the tree Lagrangian ]ID| , J20] isQ 



—C(g,KJ) 
y/9 



X -r + K^V^V^ - -F^ - V -F^ - V 



IX — / - 

+ A PX + iK m (xt Px\ + Xr Px 



+e 



-K/2 



-M^rXl - A ijXR XL + h -c- 
2-^im(^~a^) ~2x^ i ^ a ^ v ^o- 



1 r 



M -- 
If we define 
STrF = TrF$ 



+Cip + four — fermion terms, 

-jrfii P + M)^ v - ~^7"(i P + M)YA 



x 



a 
up 



fz^K^Lx* - -^^\ a V a + i^L^rm + h.c. 



(M) t = e K/2 (WR + WL) 



mi 



(C.l) 



1. 



; TrF @ - 2TiF gh + 2TrF G/l 



-T_ 



where TtFq is defined below [see (C.24)], the effective Lagrangian (4.2) is 



V9 



A 2 



32tt 



;STlH + 



In A 2 

32^ 



1 



STr f -H 2 - -rH + —G^G" 



6 



12 



T 



(C.3) 

In the following subsections we list the matrix elements that were not in- 
cluded in I; the subscript refers to the contributions without the Yang-Mills 



12 In I wc defined e 0123 = 1; here we denote by e^ vpa the covariantly constant tensor- 
see (A. 23). With this definition there is no factor g~i multiplying the FF term in the 
Lagrangian. See also footnote 1. 
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sector that are given in Appendix B of I, except that ordinary derivatives are 
replaced by gauge covariant derivatives. 13 

The contributions to STrif from each supermultiplet have been given 
in |13|; below we list the analogous contributions to STrif 2 and STrG 2 ; we 
drop all total derivatives. 

1. Boson matrix elements 

As in Q we rescale the quantum gauge fields: = ^JxA^. Then the operator 
Hq> can be expressed as 

Z*H* = H + X + Y-N-S-K, 

-%A^S^ - 2h^K^ )P A p , (C.4) 
with, in addition to the matrix elements of Z$ given in I, 

Zi t afj, = Z^vap = 0, Z a ^^ v = Qfj,u^ab- (^"^J 

Using the results of @ and Section 2 above, the elements of H, X, Y are 
modified with respect to those given in (B.3) of I byQ 

H u = {Hjij + Vjj + tiqaj + vu-W^j, qi = ~{T aZ y, 

v x 



13 In (B.21) of I iSTri/ 2 should be modified as follows: the last term in the first line 
should be multiplied by e K , the term —^re~ K A i jA i: ' should be added, and the third and 
forth lines from the bottom should read: 

+~V l ,z i -D v z fh K iih R jfi {V^z^V v z n -V v z^z n ) . 

In addition, the term -^V^V^z^K^Rju (WziVz* - V h , z j V^z n ) should be added to 
the right hand side of y^STrG in the same equation. 

14 The Lorentz indices in Uu and IZij in Eq.(B.3) of I should be contracted. 
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g? = MT a zTK m , Vm = Vm = (V»Vn m = (V»Vn m = 0, 

\/X 



pp" Ui/U i - 

\p~lJ,\J~ap 9vcr + J~ v )J~ap 9 pa + ^pX^aa 9vp + ^uX^aa 9pp 



where // = for / = etc.. The potential V = V + V now includes 

the D-term D defined in (B.2) above: 

T>i = -±-f{D + -V a K m {T a z) m , 
2x x 

V\ = ^^V-^jmT a zr-^fV a K in {T a zf 
+ -{T a zyK lfl {T a zf + -V a D t (T a zY, 

X X 

Vij = x Pij V - ^V a (f i K j r h + fjK m )(T a z)™ 

+-K jfh (T a z)™K in (T a z) n . (C.7) 

X 

The additional nonvanishing elements of Z^H^: are —N afl bu, Saul, an d 



K^ap, with 15 



1 _ „„\ 1 



15 In ||, there is an additional graviton-gauge mass term Q^u.ap] this term drops 
out when the prescription (2.10) is adopted. 
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s, 



ap,I 



±i 



x i 

-g^vOab 

2 



3~app3~bv 

V 2 x 



2x 



d p xd p x 
Ax 2 



p_1 

d n yd p y\ 



\jpvJ apa*' b 



+ 



K 



IK 



2x 2 J 

D,(T a z) K -^(T a zf 



ab 



' 2x 2 



V W T ( 



avp, 



3d u x 
2x 



2x 



3~ avp, ~F i<F '. 



- yPU (Fovix =F iFavv) T> V Z° 



aufi 



+2V»z K K IK F a ^ I,J,K 



K a 

pu,p 



(fx f „„ „„ \ 39°"?/ 



5.r 



i 



5.r 



dpyFZ p + d v yJ*)- giJV F c 



ap 



d a y 
Ax ' 



In writing the above expressions we used the notation in (2.2-3) and the first 
identity in (B.12) with Mi = jF a , M 2 = jF fe , M 2 = —J~b- The inverse metric 
Z~ x must be included in evaluating the traces of these operators, which are 
defined such that 

Tr#$ = TrH + TrX + TrN, 

TtHl = TrH 2 + TrX 2 + TriV 2 + 2TrY 2 — 2TrK 2 — 2TrS' 2 . (C.9) 

In the expressions for the traces^ to be given below, space-time indices are 
raised with g pu and scalar indices are raised with K im . 
16 There is a term missing from Trl" 2 in I, namely: 



(C.8) 



-AV^z m V^z n V v z :i V l 'z i R f , 



4V„z" l V p z l V v z 3 V z n Rr, 
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fll> 

I 



Finally we need M 

G,,,j = {G z + Gq + G g + G gz + Gqz + G g c) 
{Gl la ) I j ±iF^D J {T a z)' \ I, J 



fWj j 

I 



IW) J 



qG 



ap,ba 



(G 9G ) 



af3,ap 



pv ' 
i,3 



Gqhv)j1 I) J 



1 

af3,yS ^ 4 



~^~F oipF aSuQP'y ~l" F 3pF i"/u9aS F 3pF aSudaj \fJ> 



&ab y^putrX 
1 

'4^ 



V p d x y d x yd p x 



(p <-> v) 



+ 2 



2x 2x 2 

5afe 4x2 ( d W dX y9pv9i^ + d^y^ygpp + d p yd p yg ua - (p 

•^"i lapF^pu .7"" ippFhav % PiP (^F appFhva F appF\>vcj^ (p 



-v.. 



Pi (f %F ivp 



d x y 



tppaX // CT =F ^a*, J - «"* *0 > 1 



V ) I,af3 



IXpi 



Fa^FaPu + Fp^Faav — {n v) 



d x y \ ( d x y \ 

9f3p^ii 2x~ epfJ-l3X ' ^ ' n~T e PL taX I F %(3v — \p 



2x 



d x y 



d x y 



2x 



d x y 



-9ap \F>ixFapv ~ -^£pp<j\Fl „ J -(jUr+v). 



(CIO) 



17 In (B8) of I the expression for TrR llv R^ v should be multiplied by 2 and the fourth 
line of (B8) of I should read: {G% ) ^ ^ = 5^ pa (rj^tf + r^g*) . 
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2. Fermion matrix elements 

As described in I, we take the Landau gauge condition G = 0, where 



G = -j v (i P - M)i> v -2tyz*K m R X ™+'pz m K m Lx t 
x 

t"'\\ / 

up 



+-a^X a F^ + 2i miX I -j 5 V a X a , 



(C.ll) 



which we implement by introducing an auxiliary field a. After an appropriate 
shift in the gravitino field ip^, we obtain for the bilinear fermion couplings of 
the gravity sector: 



V9 



-^{i P - M)?/> M - a{i p + 2M)a 

+ix^ P»\ a - 2^(V^K m L X i + V»z l K tfh R X n 

-a (^o»e\ a F a vp - 2tm lX I + l 5 V a X a ^j . (C. 12) 



To obtain the ghostino determinant we use the supersymmetry transforma- 
tions P| 



iS X i 
yielding 



-{pziR-irfeVje, t5 X r 



{iD^ - - 7 „M)e, i5\° 



-{pz m L -im m R) 



e, (C.13) 



D 2 + H Gh = — = D^D fl -- 1 ^[D fl ,D v ]- i [P,M]-2MM + rh i m i + V 

+2im m pz m L + 2% mi pz l R + ^-a ap F^[-a^F a - - lb V a ] 

I 4 p x 

-V^K^zT + ^ 75 [7 M , r}V,z m K m V u z\ (C.14) 

The metric for the gaugino field, as obtained from the classical supergrav- 
ity Lagrangian given in (A. 9) of I, is Z a b = S a bX. Following we rescale the 
gaugino field A = \fx\' ', so for the rescaled field A', Z a b = 5 a b- The matrix 
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elements of M e are given by (2.17), (A. 11) and (B.9-10) of I and byQ 

e~ K l 2 - 



M a b 



Mf 



m 



2M? 



2x 
1 



-fkA* 



5 ab (m bI + M£V) , M a 7 = -K IJ (m Ja + M£<v) 



m ia = — [r^fi'Da - 2K ifh (T a z) 



IX 



- Pl t 



= m aa + M£<v, 2M a a = — = m aa + M£<v, 

x ^ai lvl aa lvl aa 2 ' 



-m. 



(C.15) 



with covariant derivatives as defined in (A. 21) [see also (B.ll) of I] 



DpM a A 



D M M " 



D p m ai 



D /j,TTl aa 



D 



-e- K ' 2 V„ 



+ V fM z l 



p-a - xp ik A h 
2x 



D p M aA -i^M aA ^ 5 , D p M Aa = D p M Aa + i^M Aal5 , A = i,m,a, 



-D p Mt: = - (p p M^y = (D p Mgy 



IX 

T 



pi I V p + i^r] + V^p^ 



D p m ia = [D n m 



•F{ ap,u i P v J ■ 



d n x 



V a I — [2id p y - d p x] - xpijV p z 3 I + -?—K m (T a z 



+—f l (K J , h (T a z) m V p zi + h.c.) - 2K m D n (T a zrV p z n 



D p Tfl aa 



K, 



x 



V p z\T a z) m + V p z m (T a zY - -£-V a 



d,.x . 



(C.16) 



18 (B.10) of I should read Mf = -2Z u V^z J , = V^z 1 . The equation before (2.16) 

should read A — e K W — e K ' 2 M. 
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Here a is the auxiliary field introduced in I to implement the gravitino gauge 
fixing; its couplings to chiral and Yang-Mills matter are given in (3.10) of I. 
In addition, there is a connection ||, (D p ) av = (D p ) ua = —T a v\n that 
contributes as follows to the covariant derivatives of the fermion mass matrix: 

(D p M) a>x = — {D p M)^ a = —e~ K/2 aJ r app , 

{D p MYj = -2K L jD< } V»z J -MfFgP, (D P M)^ = D P V ^z 1 + M^ p , 
(D p M) a j = D p Ml + 2K I jV»z J T; p) {D p M) 1 a = D p M{^V^z l T^ 

(D p Mf a = -iie^r, {d p m)i = m:^ (c.i?) 

The nonvanishing matrix elements of G pv involving the gaugino field are 
( G %) ab = c abcF pu + 5 ab (±T pu + i<y 5 L pu + Z pv ) + {T apP H „ - V <-> v) , 

{G%) pa = -\{V p -i lh L,)T apu -{v^v)\. (C.18) 

As in I, D p is the gauge and general coordinate covariant derivative, Y pu and 
Z pv are given in (B.13) of I, ancQ 

= VxF pu , L p = L pv = ^ (d p xd u y - d v xd p y) . (C.19) 

The other matrix elements of G pu are as given in Appendix (B.12) of I, except 
that now the chiral matter connection includes the gauge field: 

(G^Yj = (R^ ± iF^DjiTaz) 1 + 6 1 ; (Z pi/ ± r>) , /, J = { !' { , (C.20) 

where (R pu Yj is defined in (B.8) of I, and the ip-X connection gives an addi- 
tional contribution to the gravitino matrix element^ of G^: 

( G t) P , = g >>° ( ±r ^ + Z ^ ~ W> + (3%^ -fi^u). (C.21) 

19 We use the notation L M , L M „, to denote the field operators defined in (C.19), and also 
the matrices defined by these fields multiplying the unit projection operator in the space 
of gauginos, as in (3.9-11), (A.22-23), (C.22), etc. 

20 The last line of Eq. (B12) of I should read {G^)% = ^( 75 r^ + Z„ v ) - r^. 
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Finally, in the 8x8 matrix notation of (2.14-17), setting G^ v = G^+i^L^, 



jJLU 



= M e M e + - [7", r\G»v - i PM e - 2£)"M® 7" - ^1*M%M% 
-2L^ + iD»L^ 5 + 2i lillplvlb [L p , Mq], 

= G pv + 2Y (p,M% - D V M%) + 4 7 V (m°MZ - M%M\ 



+ 



Mt 



G 



2iL p L p a iXV -U\^M%\ lh 
(C.22) 



~o pll ^I) V U - 2iL v L p ) -(n++v) 
-2 [7, ({I/, M%} - i[If, M%] lb ) + {L„ M°}Y -fa"*) 
= m e + M e l,/ a tlu = m e + M a . 

Then, defining H e = H 1 + H 2 + H 3 , with 

H x = M e M e -4rf llT M%Mg, 
H 2 = -i PM e -2YD»M®+ 2i llllplvlb [LP 



e J; 



H 3 = 71^,-2^ + ^^75, 

C" H — 7 



(C.23) 



we find the following traces (Tr includes the Dirac trace): Trl = 8Trl, where 
Tr is over internal symmetry indices only): 



Tr#i 



8 



Tr 



m e m e - 2M%M% 



Tr 



mm - 2M^M^ 



= ilV (M|) o + 4/C» - 2X> (l - x 2 p*p t ) + N G Ml + |i^T , 



8 1 



8 
8 



{meme) 2 + {<r^a pa M^ M p e a f + Am e M^m e M i 



+ 16M^M® (M® CT Mg CT - M e [ a M l 



Tr 



(mm) 2 + 2mM" u mM pu + 2M^mM pu m + AM^M^M^ M pa 



+8 (M^MuJf - l6M' u, M pa M lip M v 



(C.24) 
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and using (B.12), partial integration and the relation 

PYl u M^ = 2 1 v D p M pv + 2i 1 v D p M pvl ^ (C.25) 



we obtain 
1 



-TrH 2 = 

8 2 8 



^Tr {-i Pm e + 2 7l/ [L M , Mg\ + 2i lvl5 D lx Mj^}} 2 
Ti{b p mD p m-Ab p M D p M pu — 4[L p M ][L",M vp ] 
+[L„,m][L»,m}-i([L^,m}M^ + [L^,m]M^) }, (C.26) 



where L pu is defined in (3.11). The remaining traces needed to evaluate 
TrH e , Tr#g are: 

±TtH s = (N + N G + 5)r-2N G ^y, 
2 ar 



-TrH 2 



N G Trhl + (N + 5)j-Tr ([T' p , L p ]f - ^Tr (G'^) 

- - l> /.„/.") // - 2M%M^D p U> iG^iMg, m e } 

+16 (b p M^{L p , M%) - D P M^{L P , Mil}) + A[T' p , L v \ [T"*, L v \ 

+2 ([r;, L p }f - 32 (M%M%M%M% + M%M^M%M%) 
-32M® CT M® (M pa M u e p - 3M^M PP ) + 80L P L U Mq P M® p 

-80L p L p M pu M° u + 24D P L P M°M^ + N G Tr (g 2 - ~g 2 ) , (C.27) 

where TV/13, Trg 2 , Trg 2 are given in (C.66), and V is the gaugino-gravitino 
connection. 
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3. Ghost matrix elements 

For the gravitino ghost, H G h is defined by (C.14). For the bosonic ghosts we 
have 

o 

Till" ( ffVA _i__<pa<p p 

n gh - \ n gh) ^ 2 W al/ ' 

H gh ~ ^ab + ^ba- -J-^J- b ~ <U I — 4^2~ J ' 

Ufa = ^^a^+^-^ + V^qajV^Z 1 , 

{H 9h )\ = -—^^-^—-v^g?^, (C.28) 



= c a6c F^ + l(^ ap ^,-(a^fe)), 

= (G£)„ a = ~ {p»T a pv - V^) . (C.29) 

4. Chiral multiplet supertraces 

Defining 

\$TrH* = + H . jH ij _ Itt (tf^tff,) , = (mm) m , (C.30) 

we have 

T) Tt b 1, 

fiu b i 



l -Tv{H*f = Tr hi + x4(pl / i)2 V a V b F* F£", 



m\ = e~ K (A kt A 3k - MA j ) - 2V,z j V^K m + ^fJ j V 

1 ; f l V a (T a zy - -LfV a K m (T a zf + -(T a zyK m (T a zf, 



2x 2 2x 2 ' x 

HI = (hx){+5f(v + M 2 )+R{ m (e- K A k A^ + V,z k V. 
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+^fJ j V+-V a D i {T a z)\ 
Ax 2 x 



2x 2 



where 



(C.31) 



(C.32) 



is the bosonic part of the F-component of the chiral superfield W^W^, and 
W£ = + 0(9) is the Yang-Mills field strength supermultiplet. Thus: 



Trh 2 + 



(W ab + W ah ) V a V b + 



1 

8 

1 

4 

where 



Tr(^) 2 = Tr(H x ) 2 , l -TrH% = l -Tv {H*\ 

Trmf = ^Tr (Hi)l + 1 -D t (T a zyD,(T b zYF^Fr 

-2iF; v (D 3 {T aZ yW^ k + D t (T a zYK mk ) V»z k V 

TvH x H x = ±Tr(H%H?) -tx + r -Trh\ 



v —m 



(C.33) 



Tr h x = e~ K A l3 A l3 —V — 3Mi — 2V^V»z m K m + x 2 p l Pi V + 2/Q 



t x 



xW ab + ^V a V b ) Pij (T a zy (2{T hZ y + xpPVr) + h.c. 



+ -x 2 p* Pl V^V u z< h K m V a Fr, 



(C.34) 



and the chiral fermion contributions to the helicity-odd operator T are 
T x = T 3 X + T 4 X , 



rpX 

J 3 



- , — - -i f~i~l, / \ Tl r ' — " ~\ % / \ 7 / ' — * ' — * 

= X^{M, M)\ _ (<?£)._ - [Xl u (M, M)\ [G'~) . + <Tr ( ilT p M MP - M vp M 
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Tl = ^ (m^JI^)' (MpM,,); - 2 [(mM'"'); (mM^)j' + h.c. 



96 

Then we obtain 



{piny 



x A {p i p Yl 



-V n V b F a Ft u . 



(C.35) 



STr# x 
\sTrH 2 



STr (# x ) + 2x- 1 V a D i {T a z) i + 2x V^, 

^STr (if*) o _ T x + 2x PlP l V a V b lC ah - X -V\T a z)% - ^C a G V a V a 
- (yV ab + W a6 ) Di{T b z) j D j {T a z) i - X ^ pl prf (w ab + W b ) V a V b 

+2x\p iP l ) 2 V 2 + 2V (6M| - 3Ml - v) - Qx 2 'p 1 Pi M\V 

+4 (v + Ml) {f a a + x 2 Pl p*v) - 2e- K VfAiA k + ~Pij^j 



4e 



(T a z)\T a z) fh R k nfhi A k A n + 2e~ K V (atf + 2aa + A t ,A ij 

Ob 



+ -e~ K { [a, (2A - a) - a %J A l + A k A { (xp k l] + Pij f k )} V a (T a Z y + h.c.} 



+ -V a [(V + Ml) Di(T a zy + e- K R k ^A k A n D 3 {T a zy 



-K 



V a (T a zyUA t] A> +R t \ k A"A 3k 



rfj 



+x 2 ^V^Vz^ijW - e~ K p ij (A ]lk A k - AijA) W + h.c.] + x 4 p ljP lj WW 
-^z l V^K ]m V a D,{T a zy - -I (d^x + d^y) (l + 2x 2 p l p t ) V 
;UV^K in (T a zyV»z n + (w(T a zY - W ab (T h zy) Pij f + h.c. 



x- 



~\~27^ *^Z Z Rnimj 



-(T aZ y{T a z) n + -V a D ] (T a zy 

x x 



+ \\2{T a zyv a -pv 



+ 



Pmij ~\~ fmPij 
X 



Vz^V^ + h.c 



-} 



{2V*W ^Rn^p^W - 2 Pm V a {T a zf\ + h.c.} 
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+2zF; u [D,(T a zYRi mk + Di(T a z) 1 Kfnk) V p z k V 
+ix 2 p i p i V„z j V u z™K jfh V a Fr + 4x (w ab p tJ (T aZ y(T b zy + h.c.) , (C.36) 



where 



^ = Dik, k = e~ K A^A 13 -2V - 10M^ - 4K%. 
Finally we have 21 

.3 J . 



(C.37) 



— STrG* = — STr (G*G<?\ - ( r p F a F up - -F a F pv \ 

Y2 v x ^2 \ p x Jo Y2 V v v-p a 4 ^ v a J 



x 6 (f?Pi 
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+-F^K m V»z i Ty'z ih D i (T a z) i 

5. Mixed chiral-gauge supertraces 

For the bose sector we have = —S, and 

d p x 



(C.38) 



TrS z 



-K, 



x 



+2/C 



-2% 



x 



D^T a zy][D»{T a z) 
d,,xd p x 



-4- 



(T a zyK m D^T a z)™ + h.c. 



— X 



Pl3 {T a z)\T h zyF7 (F h vlx - iF^) + h.c. 



xp m V v zT{T a zyV^ (Fr - iFr) - h.c. 



a / d v yd p y hd v xd p x 



-xpip 



' 9d„xd p x d p yd p y \ 

16 _+ 4"; 



FTF?,.. I - p ^ - + " p "~ a ) + F up F, 



m> \ 2 



+ 



^xpifH [v" v r a p + d -^K p \ (o p xf; p - 2d»yP; p 



X 



21 Thc term +AV tl z l V v z' i?l K ir y l R jn (V»z j V»z n - Vz j V»z n ) should be included in the 
right hand side of (B.14) of I. 
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a pp 



' a vfx 

_J_ fivn pa 
IQ a V V 



2 d,,x 



+ x'V^V^p^ 



X" 



+8xF^F^IC a b + At -=V'^ - -H-Fr (T a z) l K m V v z™ - h.c. 
\yX X I 1 



d^x_ „ _ 3d u yd u x ~ _ d u xd p x 



AVfz'VyZ^Kin + x (pfz^^pij + h.c.) 
_ » a^i^ (v^Trjpy - h.c.) . 



(C.39) 



In writing this expression we dropped total derivatives and used (B.10) and 
(B.12-B.14), as well as the Yang-Mills Bianchi identity. In addition we used 
(B.3-5) and (B.8) and 

-x(T a zY (F7 - iF^) (pijDf/D^ + PrnijV^VvZ*) + total derivative, 



-iF a 



Vz^z^Kj^DiiTazY - h.c. 



total deriv. 



+ffl lt F*K 



V»z m (T aZ y - V"z\T a z) m \ + xF^FfKl 

f; u d^ z j = ± l -F^Fr(T b z y, I = { \ 

To evaluate the fermion matrix elements we use (3.34); we have 



(C.40) 



= Tr/4 + 2 (mMHl (rhM^ + (M'-'m)* {M^rrtf. + h.c 
= -T™ + e~ K V (2^5* + 8aa) + 2V (v - M|) 

4(7>) i A j (T a ^' (a - A) - 2 ((T a z)*P a A,a j + h.c.) 



-,-K 



-K 



+4 (T a z) l (T a z)VL fc ^ + 2M; 

3/ 



2/C' 



3x 2 p i p i -4)V 
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+2^- [a t (a - A) [fV - (T a zyV a ] + h.c.} , 



- -TV (H?) 2 



2 (D,fn) l a (D'm)* - 8 (f\M-)* 

+ {[L^fhti (M^ + (M^)f + h.c.} 

+2[L M ,m]l[^,m]« + 8L"L„ (M pu )[ (M"*X (C.41) 



with 



+ l - {D'z'pijfi (F w - iFp^ \^V" V T^ - id u y (f^ + iF"")] + h.c.} 
-1 'V>':' !>,,!'<),,>■ (F^F V , - iF^F vv ) + h.c. 

3 3 

-^V'jV^p^F^F^ + ^z'V^p^F^F^ 



xp Pi 
32 



(4d„ydt>yF p ^ - d p yd p yF pv F^) 



r 3 ) 



(C.42) 



{[V,m]l (M^)r + (M"")? + h.c.} 

and, using (C.40), 

2 (l^m) (D^m) . + 2[L M , m]» [L", m]? = -2— \(T a z) 1 K im D p {T a z) rn + h.c. 
+ -K m D n (T a z)*V^D j (T a z) i V>>z* + IxKiF^FC 

Ob 

+xp lP l {K in K^z ] {T a z) m [{T a z) l V p z n + (T^flV] + h.c.} 

-WxpipiWKjn [{T a zyV^ + (Taz)™ 1 !)^ 

-2 [K iih {T a zfV^ [ Plk (T a zyV»z k + p™(F a zpF^] + h.c.} 
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— V a { Pl ,V^fK km [(T a z) k V p z m + {T a zfV»z k \ + h.c.} 



+2V a [p ij V li z i Wz k V k {T a Z y + h.c. 



2id M y 



^(TVTPV-h.c. 



PiP 



+ (d^xd p x + 3d^yd p y) ^-V + 2x 2 Vp ij V lx z i V»z™f4 h 
+ \^F» v d v yK^V^{T a zf - xVp'pijDpz' (d„x + 2td ll y) + h.c. 

+4xF^FrV p z i V^K m + K? a (^p- - ^p) 

V Ob Ob I 

+2i {^pl?* ~ ^f F " U ) K ™ [Vv^Faz)' - V v z\T a zy 
We write the x-A contribution to T as 

T X9 = T X9 + T X9 + r X9 + f X9 =T ^ + f X9 y 

= -4(mM^(mM^lk 
= (iW + P) (x 2 p i p i Ml + (a - A)a l p] + h.c, 



(C.43) 



2a; 



f X9 _ 16 



3 



(M^ a (D p M^) a t -h. C . 



X9 



n 9 



ppi 



d„yd v xF^V a + -^-F a pv (d p xFr - d p yF^ a 



2 ,nr '"" ' " ' 2./- ' 
2%L p m a i F) p m i a + h.c. 



Ay 



= -2d^yd p yp iP l V + 2^Ff K im V v z\T a z) m + h.c. 

3/ 



+ 



d^xd v y 



x 



2 « 



2>V 



+ -K j r h (T a z) fh D i (T a Z y 



X 



2x 

+^V a d»y [ PtJ (T a z) l V^ - h.c. 



— h.c. 



(C.44) 



where 



8iL* (M a ,)\ (D p M^) a . + h.c. = [Wp^ fayF^ - d p yF^F^ - h.c. 



32 
60 



xpip 1 



d»y [P; v (VxtoJJT + d.yFr - d^Ff) + d u yF; p F^] . (C.45) 



In addition we have 

, 2 



= 64 (/^A4 p )* a (/>M^ - fl"M w )° -128i L^M^^M^-hx. 



64 (p^Mvp)^ (p»M vp - D u M^y. = -2x 2 p i p i \V"^ U + 



-i {p^w [*r*w* - tfr*£ + ^) + ^yF^r] + h. c .} 

+ (v^JJT + WT) faftp&xFi, + [(f; v - if; u ) v-j ,>„/■' + h.c.] } 



' a /ui/ 
a up 



X 



^- Pl p % d p x&x + x 3 p ij f4 f p p z i V"z f 



2 " a " p;f 



(C.46) 



Using the classical equations of motion (B. 17-20), we obtain, with k 1 = 



-AK, a 



-e~ K (/.-,'. l'.l + h.c.) - i^^Api: - C 1 



x 2 p % pi 



gx 



2xp l pi 
' V9 



iC a » {K m V^{T a zf - h.c.) + V a (T a z) 1 Ci 



1 



(f: p - if: p ) + h.c. 



—STrG 2 xg - tf + Ax 2 p i p i V [3M| + V" — e^aa] + V<St t p i p i VM_ 



12 

+4x 

+2 



p tJ (T a zY(T b zy [W ab + ztfVaVb) + h.c. 
%xp m V v z"\T a z) l V^ (F^ - iPf) + h.c. 



4M|/q 
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(F»* _ iP»») (f pp , + iF pi ) (d„xd p x + d v yd p y) 



- (^2 + P'Pi) d^yd u xV a Fr + ^-V (5d,xd p x + W^y) 

-ixptpiKin [v p z™{T aZ y - vt>z\T a zf\ dv; p 

+2x 2 p ij p j fh VV p z i V p z m - 2x 2 



■lx''p'p, Mi - (a A)/*', h - (d p x + id p y)V p z j Pij f - 



+ h.c. 



+2—f^v::f^ + — iff; + F7F p/i 



(f^f p ; - iF^F^) wjwjpij + h.c 

/ d v xd p x _ d u yd p y \ 

-e-^P (2^0* + 16aa) + 2£> (3V + 17 M$) + 4Mf (D + K*) 

+ e — {2V a (T a z) i A ij (a j - 2A j ) - a, (a - A) [f D - 2(T°z)*P ] + h 



pa 



(^x + 2%d p y) K ]fh {T a zyV^z m + h.c. 
(Vz^(T a zy - V v z\T a zf) [f Pij V p z j (F a py - iF a py ) + h.c. 
-2 [K iih {T a zfV^ [p lk (T a zYV p z k + p^(T^)^^] + h.c.} 
+ ^-V a {p./P.zpK,,,, \{T a zfV p z ffl + {T a zfV»z k \ + h.c.} 



2x 



2V a V k (T a Z yv u z k + fi^ f ^FL - —F a 



vp 



HP 



+ h.c. 



-AxF^FrV^Wz^K^ + K, a J " 



d„xd p x 



+ 



d^yd p y \ 



( V"J 7flu d r \ 



\ X z X 2 J 

v u z m (T aZ y-v u z i (T a zy 



xpip 1 
4 
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F^F; v d p xd p x + F p »F; v d p xd p y) 
(F^F; v d p yd p y - AF^d^ySf 



x 2 pip l ( „ d^y \ 
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+xpip 

1 



+ 



^ - pv y v -- p.- a ' -po- a j ■ -^g 



+-Fr^ [i (<9 p x + id p y) V p z* Pij f + h.c. 



xpip 
32 



F^F a pv d p xd p x - 4F>*FZ p (d^xd'x + 2d p yd v y) 



32 



XPiP 

48 



F a pv d p x + MF; p d v y) Fr Pij rV»z> + h.c. 
{FfF^dpydPy - AF^F^d^y) . 



6. Mixed chiral-gravity supertraces 

For the bosonic sector H$ G = S; using (C.39) we obtain 

TrY 2 = TrY 2 + 2xK? h Ft,F pv 



pv a 



A i 
% PiP 



fe^r) 2 + (f; v fc) 2 + (F a pu Fr) 2 + (F a pu Pr) 

V p z m (T a Z y -V p z\T a z)' 



+2i I —B-^. lE—FjfP | k. 



—x 



Pij V p z*V^F« - -F» a <> - 2 Pi p v Wz> F a F:» + h.c 



_™ jppu 
pv a 



V 2 x d p xd p x — d p yd p y\ 2d p yd v y 



Lr pp u v r a ^ r pu r a 



, + 

X J X 

V 2 y d p xd p y\ 



_ EW pa 

a up 



X 



(C.48) 



For the fermions, we have 



1 



(C.47) 



Trh 2 xG + 4 



(rhM P X (mM^ + h.c] + 8 (m^M^ (m^M^)J 



+ 16 (M^M^ (M pa M pa ) a - 32 (M^M pa ) l a [m pp M v 
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= ilY (H? G ) 2 Q + 2e~ K v(A, i a i + h.c.) + AV ( 



2Ml - V - e~ K aa) 



-K 



-2x 2 p i Pi V 2 - -V a V b IC ab - 2- — V a (T a z) l A t1 A ] + h.c. 

X X L 



X 

"7 



P * Pl v a v b F; y Fr - 



4 »' 
X PiP 

32 



-^Tr (tf* G )* - jF^FfpipiVJ? - 8 (A,M^ (^M p ^,(C49) 

where 



4 ?' r 

X Pip 



128 



,(C50) 



giving 

-STr^ 

2 xG 



i (STr^ G ) o - 2e- x D (^a* + h.c.) - AV ( 



2M? - F - e^aa 



2 







+2x» i P i + -V a V b K ab + 2 

(V"T W (9 T \ r 

+2i [ *—FW K im \v p z m {T a z) 1 - V p z\T a z) 



X 



—2F a V" T vp F a F^ v 



V 2 y d p xd p y\ 2d p yd v y 



v a a V 2 a 

I 

2 / ~ \ 2 



+ 



. _fW pa 



X 



a vp 



4 ?' 
X p pi 



32 



7(^r^) +7(Fr^) +6(Fr^,) +e(Fr^)' 

+ h.c.J. (C.51) 



(F^ - -F? ) - 2V»ziF* p Fr 



The contribution to T is 

T xG = t 4 xG + T 3 xG , 
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Tf = 



\2F^Fl v V a V b - (F>TF%,y ~ (F^Fl) 2 ] , (C.52) 



x 2 p i p i 
48 



which for future reference [see (C.59,62)] we write as 



2Tf + Tf = x 2 Pl p l {± 



(*r 'f; v ) 2 + Or 'f; v 



+ -FrF» u V a V t 



(C.53) 



The contribution to STrG 2 is 

, 2 



Tr(Gf G )' 



1 



4 ?' 



4 ?' 



{p^Frf + (F^Pry + {F^ry + (F^ry 



— STrG 2 G = 

12 x ° 24 



( pa j?tw\ 2 F,^) 2 - ( F a F^ v \ 2 - ( F a F^Y 

\* pv b J V ^ b J \ a ) V ^ a J 

(C.54) 



7. Yang-Mills and gravity supertraces 

For the remaining; bosonic contributions, we have Hl +G = X - N - K; wc 
write N ab = N' ab + 5 a bn, and evaluate separately in the next subsection the 
terms that depend only on n and are proportional to Nq, the number of 
gauge degrees of freedom. Then: 



TrX 
TrX 2 



TrX - 20V + xF; u Fr, 

TrX 2 + 40£> 2 + 80VV - 8rV + xF^F^ (r - AV) 

Sr 2 / \ 2 

+2r^xF^F^ p - 6xr,„/ a FrF^ {F^F^) 



v fip a 



pa 



+y {F^Frf + {F^y + ^ (F^Prf , 



TrX = 8IC a a + N G n, 
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TrN 2 = 8(}C ab }C ba + JC ab JC ab ) + ±C a G F a F pv + N G n 2 + 4r/Q 



-ab 



/IV 



+4x 1 



x 2 pip l 



A\ra x i 3<9^y<9 /i y\ / 2 ,\ d^x 



+ 1- 



pa pp;/ 
/if a 



d p xd p x d p yd p y 



+ 2F a F up 

1 pp- 1 a 



d u yd p y 



x 



13x 



5x 2 



/ pa ppiA 2 , / pa ppj/ 

^ /if- 1 &y V ^ a 



4 7 



a; 6 (pip 1 



pa ppiA 2 , /pa pP*A 2 , / pa ppzA 2 , / pa ppi, 



Trif 2 = \^V" p TtP!,T7 + 6r^Fr F« - 3r„ „ ^xF^F* + 6xc a6c F» ^F c ^ 



pp v" a fi a up pu a per 
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pi/ p 



_ J?Hi> pa 
a pu 



X 



+ 



8x 



1 -'a pi/ 



3V 2 x 2d p xd p x , 2hd p yd p y\ , ^ ra f 5d x xd p x | 6d x y&>y ^ 

.(C.55) 



2x 



d p yd p x^ 



x 



In writing these expressions we dropped total derivatives and used (B.10) 
and (B.12-B.14), as well as the Yang-Mills Bianchi identity. 
Finally, writing = (G>)° + we have 



Tr (G| +G ) 2 = Tr {g%)] - AC a G F^ + iV^ 2 + F pv F pu Uv 2 y - 



Ad v xd v y 



x 



+x 3 p lP * {^F» p F a vp - rF; u Fr) + 8 (V^f + 8xr pK P F a P 
+^F pu F pv {Ad p xd p x - d p yd p y) - -F W F V " {d p xd u x + 2^yd„y) 

Ob 



x 6 



- [(^r) 2 + (F a pu Pr) 2 - 3 fc^) 2 - 3 faPr 



v 
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4 i 



2 

3a; 2 



-(8d»xF w -4d»yF, p )?^, 

where Cg, is the Casimir in the adjoint representation, and we used (CIO) 
and (B. 12-14). 

For the fermions we define H 9+G = H 9 + H° + H 9 °, with 



(C.56) 



H 9 

n ab 



Kb + Sab 



1 0' 



G' 9 



h 



1 / 
1 

1 

1 
1 



<g> (hf + h 9 2 + 



31 > 



(9ixv + ilsL^) , 



9fiw 



(C.57) 



where h^g^ and are 4x4 Dirac matrices. Then we obtain: 

l -TrH{ +G = ±TT(H?) Q + ^Trh 1 + 2!C:-V(2-x 2 p*p l ) + ^F« u Fr, 
Itt(h?+ g Y = 1 -Tr(H G Y + ^Trhl + 2Ml[2IC: + v(3 + x 2 p^p t ) 



+V 2 



2 - 2x 2 p i p i + (x 2 Pt p l Y\ + 4/C a6 /C 6a - - (l - x 2 p i p i ) IC ab V a 



x 



X 



+—V a (d li x + id li y)TPz fil (T a z) i K iifl + h.c. 



x 



+2V (M 2 +V- Ae~ K aa) + xF^ Qikf 2 + M 2 - e~ K Mj 



+ 



fiv b a 
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- t TrH§ +G 



iTr (i/,i/ 3 )' +G 



+ 



16 

4 ? 
X P Pi 

32 



(^vr) i^if) -(F a ,jr) -{KuK v ) 

V^K^zf 1 + h.c] 



/ d^xd^x d^yd^y^X d^x 
^KinKjfnV^z^ (T a z)" 1 [{T a zyV^z n + (T^flV] + h.c.} 

(*£*r) 2 + ^ iPxdvx - d» y d u y) f; p f^ 

-±(d»xd,x-d»yd,y)F; u Fr, 



8 V 3 Jo 4 3 



16 r + 4 ^ 3 + 2x2 ^ 16 1Kt * +g ' 



+ r - 



iTr (tf^)? + ^Tr (Ms) - ^Ff ( V 2 y 



x 2 ; 



d P yd p y\ / .r 



J ^ 4 



iiv a 



-rr + i 2 - 



V^V v z m K lfh V a F»\ 



l -TvG' 2 +G + N G Trg 2 + \{r 2 - 2r^r, u ) + F^Ff (qV 2 V - 8 
+x 3 p* Pt (2rZF° F? - !> Fr) - 8 fe^r)' - 8<F° F^ 



d v xd v y 



x 



—F^F^ (d p xd p x - d p yd p y) + \,F w F vp (d»xd v x - 7^yd„y) 
5xp>j 



(F^F^ydpy - AF w F^yd v y) 

■TV/ ^pvp „6 n r 2 ' 

+8 (trxF„ + - - (pv,) [(F;,Fr) + (i£,*T)' 
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4 ?' 



+ - 



X 



( pa pvA 2 i ( p« F^Y — ( F a F^ U \ 2 — ( F a F^Y 

jiu^ b J V ^ b J \ a J fiu^ a J 

[f; v f^) 2 - (F; u Fr) 2 + s (F; u Pr) 2 - 5 (f; u f^) 2 ' 



1 -TtG' 2 +g = 4(r 2 -4r^ u )+20T^-4C a G F; u Fr 



+- (d p xd?xF* u Fr - d,xd v xF^F a up ) + 4a; 2 (i£,*f 

Ob 



-2x l 



(K^rf + (F; v Fr) 2 + (F« u Fry 



The nonvanishing contributions to T 9+G are: 



7f 



d n xd p y \ 



F a ^V 2 x + F^Fr V 2 y 



2x I 



2x vp a ' 



X^(M,M)]^ (Gj) a - [X?(M,M)]1 (G'-) a 
+iN G — (mxD^mx - h.c) + <Tr [M vp M iip - M"''.\l 



= -x 2 p l p t V,zW u z m K m V a Fr + ix 6 p l Pl [ r^F* - -rF^F* ) + N G t 3 , 



3„i, 



8 



1 



Tf 



-Ai (mM, 



\1V 



mM 



+ h.c. = X -F« V F^M 2 + ixF; u F^e~ K {aA - h.c.) 



(C.58) 



Tl = T* + Tf. (C.59) 
Finally, for the ghost sector, defining (^H gh j b = [H' gt ^j^ + h g hS^, we have 



2/Q - -F;„Fr + AT G V, Ttflg = Tr (H gh ) + yi^, 



Tr(i7 9 \) 2 = N G h 2 gh + 2(IC ah IC ba + IC ab IC ab )-4IC a a 



V 2 x dnxd^x' 



2x 



Ax 2 



+lFLFr (v 2 x- d ^ A 



pv a 



2x 



j-2xF; u FriC ba + ^(F^Fr) 2 , 
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Tr(// ( ' 



gh) 



-?>xF a F v a p (2V^z I V u z J Z IJ 



Tr(//; ,(; 



gh J 



Tr 



gh 



2x 



pp a 



2 



(C.60) 



~~8~ 



(W) + (^vr) +(^r)' 



For the ghostino, TrG^G^ is given in (B.18) of I, and the remaining traces 
are modified with respect to that equation by 22 

TrH Gh = (TrH Gh ) + 4V + xF« u Fr, 

TrH 2 Gh = (TiH 2 Gh ) o + 4V 2 + 2xVF; v F^ - 2MV a F^V )X z i K m V u z™ 
+2 (4D + xF; u F^) (v + M 2 - V^K^Wz™ 

2 r 

+2v a v h F* u Fr + x - [(f; v f^) 2 - (F; u Pr) 2 

For the supertraces we obtain [see (B. 17-20)] 

STrH 9+G = STr# G + N G STrh 9 - 2V (a + x 2 p t p i ) , 

\ [STr (H 2 G ) Q + STr (h 2 g ) q - SM 2 G + iV G STr/> 



(C.61) 



f^ H g + G 



rpg+G rpgG 



7 

'-oil*-' ~ 



\iC a » (K im V^{T a zy - h.c.) + V a (T a zyd 



+ [(7 + x 2 p l Pi ) d»xF; u + 3^yF; J - ^A V C + rlC a a 
y 9 y 9 



22 The last term in the equation for TrH^ h should be -1ST ^V*" . 
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+x (2 _ Zi|^ <KpF7 _ £ (3 - ^) rP^T 



X^ 



ar 



ar 



A 



- 2e~ K (©Aa* + h.c.) + 2V (31V + 29M| + 11M|) 
-4e~ K aaV + 2x (w + W) (2M^ - Mjf) - 4xe~ x (WAa + h.c.) 

V"T W d r \ r 

"' ' 'P,,;'" (V":)' 'P,, ;'('/'":) 



+2i 2- 



/1" a 
V 7 ^ 



I r • - 

-2— - ^ p d " x + 8 ^^) ^(T a ^)^^ m + h.c. 
4 J 



+-V^z i V^K jfh V a D i (T a z) j - 1 (26 - x 2 p l p.) K 3fh V^V v z™V a F^ 
(5 + xVp.) c^F^ + 5^yFr] (KjrnV^i'Tzy - h.c.) 



2 



13 

•— v _ , _ ' ^ 8x 4x ; 



(d»xd„x + d»yd,y) V + {^^- + F^Fr 



Ax' w 
xp % p. 



F^Fr id p xd p x - l -d»yd p y) + F^&xd.y + 2F^F^yd p y 



+p t p^yd,yV - F? (^fF u a p - ^F^ (Vz^f' + h.c. 

+x 2 [(F a up F^ - iF« p F^) {VD^Wj - g^z'V^) Pij + h.c. 
+Qx 2 W ab W ab + 8V a V b (W ab + W h ) + 2V 2 (19 - x 2 p i p l ) 
+x 3 p i p l (x 2 p l Pl - l) [xWW + xw ab yv ab + V (w + W) 



- (8D + 2xF a pa F^) V p z l V»z m K m + UxF^F^V^V^K,, 
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-T xG - Tl - T} + 



x , x3 PiP i 



r v jppp pa pa jppv 

ft a up ^ pv a J 



Xp l pi 
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(F^F^Vydpy - AF w F v "d^yd v y) + z W (w ab W ab + WW) 



+x 2 p i p i 



-V a V b (W ab + W ab ) +xV(w + w)+ 6V 
+x A (p,p 1 ) 2 [x 2 (W ab W ab - WW) - 2V 2 -xV(w + W) 

The space-time curvature dependent terms in the supertraces evaluated in 
sections C.4-7 give a contribution C r of the form (2.23) of I with 



(C.62) 



H = H° + H 9 + — 
n py n pv ^ n pv ^ 327r 2 



x (4 - x 2 p i p i ) F; p F a / - g^xF^Fr (§ - \x 2 Pi p 



2 4 



In A 2 f 22 



eo - (eo) + e o - 327r2 
a = a + a 9 , (3 = (3 + (3 9 , 



+ 2x 2 Pl p l V + —V a D t (T a zY \ , 



(C.63) 



where a 9 , etc. are evaluated in section C.8. The metric redefinition in 
(2.24-25) of I gives (4.11), and we get a correction 23 A r C: 



A r C = (A r C) + A rg C + ^-^1 
+ (v^Wz^Kin - 2V) 



\nA 2 (N-67 ~ 2iV+118 
1 V 2 



vv - 



4iV + 32_„ » 
= £>M 2 



2x 2 p iP *V+ — V a Di(T a z) 

6X 



- 2xV (W + W) 



23 



Eq.(B23) of I should read: 



1 lnA2 



A", 



2e- K ( A kl A tk - =-R k A k A n ) - (N + 17)V - 



4iV + 32 



iV + 59 



V - e- K [ A kt A lk - ^R k n A k A ) + 



-R m + 81^ ) 2? p z 



TV + 29 
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2 „, 



2Ve~ K A l3 A 13 - -RjAiA 3 + -VV^V»z m [4R m - (N - Ql)K v , 



+ 
+ 



N + 29 2 l 

— - a x 

o 

N + 35 2 i 
— o x P«P 



2rr 2 W ab W a6 + (W ab + W a6 ) £> a £> 6 + 2D S 



N 4- 29 

-4 * V* ) xF'FfVvz'Tr^Ki, 



(C.64) 



where A r9 £ is given in (C.73) below. 



8. Order N G contributions 

The bosonic traces are 

V 2 x Sd^yd^y 



n = r 



n 



T T 



x 2x 2 ' 

V 2 x d^xd^x d^yd^y 



x 



2x 2 



+ 



_l_ r 



2V v d u x d^xd v x d^yd v y 



+ 



x 



ar 



ar 



+ 



V 2 x\ 2 3d IJ ,xd IJ 'xW 2 x d lJL yd^yV 2 x d lx yd tl xV 2 y 



x 



2x 3 



+ 



x c 



X" 



4x 4 



3 (d^xdPxf + 8 (d^yd^xf + 3 {d^yf - hd^xd^xd u yd u y\ , (C.65) 



and 



9 2 = ~ 2 



3(V 2 y) 2 - 6^^V 2 y + 
x 



{d^xf 2d^yd»yd v xd v x ?>{d^yf 



+ 



X/ 



Ax 2 



+ (r 2 -4 W -)-2r-^ + r^ 



(C.66) 



The fermion traces are (here Tr includes the ordinary Dirac trace; Trl = 4): 
^Trh, = Ml \Trh\ = Ml 



— Trhl = e^VjV^ 



(en - Ai) (am - Am) + x 2 p ik A k p> h A j + ^j^aa 



+e 



-K 



V^Wz? (a, - Ai) (J±a - xp jn A n ) + h.c. 
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2 

Trn 3 = r — 2- 



\e- K V^V^ (U Plk aA k + h.c.) , 



x 2 



4 2 -w^ - ^2 

| ^yd^xd^y _ ^yd^y jd^yd^y) 2 _ jd^yd^x) 2 

rf* 3 y» 2 <-y»4 <"y»4 

tX^ E^O e^C* eX^ 

JU JU JU JU 



^ jd^yd^y) 2 + ^ {d^xd^y) 2 + ^yd^yd^xd 



v x 



x 4 x 4 x 4 

Trg^ u = 4r M ,r^ + Tr Z M ,Z^ = 41^1^ + V - 2r^r^. (C.67) 

To evaluate t 3 , Eq. (C.58), we write it as 

-\- id v ~ O^x — id v ~ 

t 3 = —rhxD^mx —rhxD^mx + h.c. 

2x 2x 



2x 

-V»z n (^a - xplA, 



(UV*z* - fiTPj) (a - A) [V^ ( aj - A,) 

+ h.c.. (C.68) 



The ghost traces are: 

V 2 x d^x 2 _ (V 2 x d^x V 

TrV " + T ^ " \~2x- ~ ) • (C ' 69) 

The supertraces are 

r Q^r u r r ' 2 , ^xd^x d^yd^y 

Sim = -MX Yr— — Yr £— , 

6 3 A 12 \2x 2 12x 2 ' 

-STrh 2 = -t 3 - — + -r>r^ — M? (— — ^pL\ _ M { + -T^ 
2 16 2 A 1 2 4x 2 / 2 



^ / V^r _ d^xd^x d^yd^y \ ^ ( V u d u x _ d^xd v x d^yd u y " 

\ 2x Ax 2 4x 2 J \ x 2x 2 2x 2 
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, (v 2 ^) 2 + (v 2 y) 2 



Ax 2 
5 



Ax 2 2x 3 



(d„xd<*x - d^y) V 2 x + 2d >1 xd^yV 2 y 



\Qx A 

K. 



\{d»x + id^y) (d^x + id^ytf 



16a; 4 



(d^yf 



+e- K I^D tM z i V^z j 



( a i ~ AA (am — Aff^j + X 2 PikA k fP r - n Aj 



fmfi 

Ax 2 



■aa 



2x 



aa 



(a-A)p ik A k +h.c.| 



— STrg 2 
12 y 



fi 



+ — {V^V^U [{a - A 

± (r 2 - v) + JL ( ^^ y ) 2 - ir^r- 



A) -xp ifc AA fc ] +h.c.}, 



(C.70) 



Dropping the total derivative 



a, 



z A £ x 



and using the equations of motion (B.18), we can write 



In A 

32^2 



2 r 



STr^ 2 -^ + ^ 2 )+t 3 
.In A 2 f 



In A 2 

32tt 2 



x 2 p l pj 



djC j + (xjA + h.c.) 



+6e" x aaM| - e"* (o% + h.c.) (y + M 2 ) 

+e- 2K a i A i a j A j - 2e~ 2 ^ (a'AioA + h.c.) + 2V (2M| - 2M^ + e" 

(a, - A^ - A„) + ^p^pP^Aj + 



+e- K \V ll z i V li z> 



(a, - A) f |U - xp^^ - - ^ (a - A) p lfc A fc 



+ h.c. 



-K 



2x 



V^V^frn [2ao, - xp ik (a - A) A k ] + ( 2a - A) V^V^ + h.c. 



+x {p ij V lx z i V^z j + h.c.) (M| -V)+ e~ K [xp ij V lx z i V^z j (a k A k - 2Aa) + h.c. 
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^_ KfyE + id^y) (d»x + d p y)\ 2 - x^pi (W + W) (m| + \>) 
W {xp ij V ll z i V lt z i + e~ K A i a i - 2e~ K aA) + h.c." 



where 



+-T fjLl/ T» v + x 2 p ij V fl z i V p z j p nfh V u z 1fl V u z n + total derivative. 



.f 



(C.71) 



'x^fPpjW + xp jk V^z j V p z k + e" x (a J 'A,- - 2a^) - y - M, : 

(C.72) 

and £ r9 is of the form (2.23) of I with 



a 9 = 



H 9 

±J - iiu 



N, 



N G \nA 2 
_ 6 _ 327r 2 ' 
In A 2 f 
32^ I 



iV G lnA 2 
IT 32T 2 ' ' 

+ 



f 9 - 

tn — 



V 2 x . 2d p xd p x d p yd p y\ 



3x 2 



32tt 2 3 
3x 2 ; 



i V^Ax _ d p xd u x d^yd u y 



Finally, using the equations of motion (B. 17-18) we obtain [see (C.62)]: 
In A 2 d n x 



(C.73) 



-N, 



G 



327T 2 X 

+V9N G ~\^ - l -V 2 + l -M 2 x (v^V^K m - 2V) + ^VV^V^K, 



F^Cl + (v p z l Ci + h.c.) 



+ 



'd v xd v x d v yd u y 



+ 



X* 



-VjV^zTK^ --V- -F PP F* 



+ ( -FfF", - V v z l V p z m Ki, 



' d p xd u x d p yd u y \ _ I 
x x J 3 



+- A xF a pa F p °V^V p z< h K m - xF^FrV u z l V^K m 



+ 



x 
16 



(F^Frf + (F« a F t 



(C.74) 
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Combining the results of sections C.4-8, and evaluating C\ — C r + A r C — 
A K C - A X C - C A X A - C A C B X AB , with 

-Ae- K A i AC i +h.c. = - (dX 1 ) -Ay/g [x (w + W) M} - - xe~ K (WaA + h.c.) 

yields the result given in (4.6-12), where we used gauge invariance to write 
= 5 a (v^V^pij) = V^Wz* \(T a z) k p ijk + 2p ik D j (T a z) k - {T a zfp m 



= V,z l (TP [{T aZ y Plj \ + \jj ik Dj(T a z) k - {T a zfpm^ V - {T a z) j p^jV^) , 
= S a (p i A i )=p ij (T a z) j A i -p i (T a z)^A\ + V a p i A i , 



= 5 a 



2x 



pUTaZTfi-PiATaZyf 



= 5 a (piV*) = Pl] (T aZ yV l - e -^- (ajA - a^A 1 + A l3 a l - x Pmj A m A l ) (T a Z y 



X 



V a (aa -Aa- a A) + 2xp i ih {T a z) ih A i {a - A) 



(C.75) 



We also used the following identities, that hold up to a total derivative: 



= V lx z i V»(v a p ij (T a z) j )-p ij V a (T a ; 

°"' J 1 ' l (T a zyV u z™ + (T a z)™V u z l 



x 



1 1 

g-hc + v l + -v b (r b z y + -f w 



-pa 

[IV 



X-T) - 



ar 



^-Cl + 2d v xF; v - iK i7h (v^(T a zY - V^^zf) 








d^x 



K, 



x 



x 

+V 



(T a z) l V u z m + {T a z) m V v z 

(TaZyVz™ + (TaZfV^Z 



- 1 flUI 



- 2 (d^x + d^y) - 4 (Ml - Ml) - 2 (v + e~ K 'aa) 

Ob 



{I 



d 



+ e _A M* + xpijV^V^z 3 + x 3 p i p i W + h.c 



\2x^/g 

= -2x 2 p i Pi V v A u + (j i Pi jV u z j + h.c.) A u , 



(C.76) 



where — T> V A V is given by the right hand sides of the second and third equa- 
tions in (C.76), with A v = (d^y / 'x)V a F^ v , (d^x / x)V a F^ u) respectively. 
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